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1. Ccepuyeckas reomeTpus

CJI0BO «reoMeTpush B IEPEBOE C IPEYECKOr0 O3HAYALT «3€MIEMEPUE) UK
«u3Mepenue 3emumy. 1Ipu TakoM TOIKOBAHMEU HTOrO CIOBA €CTECTBEHHO CUu-
TaTh, YTO I'€OMETPUs 3AHUMAETCS M3YIEHUEM CBOMCTB IPSAMBIX HA IOBEDX-
HOCTYM HEKOTOPOU IIaHeTHL. llpm 5TOM KpuBas HA NOBEPXHOCTU ILIAHETHI
HA3LIBAETCS 0MPE3KOM NPAMOU, ecan m00as APYras KPUBAsS C TEMH K€ Ha-
9aJIOM M KOHIIOM HMeeT GOJBILYIo AIuHy. KpuBas HA3BIBAETCA NPAMOL, NI
zeodesuueckoti, eciu m00as €€ TOCTATOYHO KOPOTKAS AyTa SBISETCSI OTPE3-
KOM TIPSAMOM.

3ameuanue 1. CioBa npames u 2e00e3uuecKas — CyIIECTBATEALHEIE, & HE
IIpuiaaraTejlbHbIC.

3ameduaHue 2. YCIOBHE «IOCTATOYHO KOPOTKAs CYIIECTBEHHO A/ C(epHL.
B ocranbHBIX Crydasx, KOTOpbIe GyqyT HAM HHTEPECHH (@BKIMI0BA ILIOC-
KOCTb U ILIOCKOCTB JI06a9eBCKOr0), 3TO YCJIOBUE MOXKHO OTOPOCUTD.

B naubosee m3BeCTHON MOJEIN TE€OMETPUM PACCMATPUBACTCA HEOTPAHU-
YEHHAsA ILIAHeTA, IIPEICTABIAIMmAs COO0M MOMyIpPOCTPAHCTBO. B KadecTse
IPYTOM MOJENU eOMETPUM MOXKHO B3ATb ILIAHETY, IIPEACTABIAIIIYI0 COO0U
map. Takyio reomerpuio Ha3HIBAIOT cepuueckoti. BEIACHEM, KAK yCTPOEHEBI
npsAMEIe B chepudeckon reoMerpun. HazoBeMm 604bwum Kpy2om CEIEHNE Ia-
pa IIOCKOCTBIO, IPOXOMAILIEN Yepe3 ero HeHTp. [paHuily OOJBIIOrO KPyra
HA30BeM 604bwoli okpyscnocmpio. depes moObe ABe TOYKU CPephl MOKHO
IpOBeCTU OOMBIIYI0 OKPYXHOCTh. ECIu TOYKM He AMAMETPaJbHO MPOTUBO-
TIOJOXHBIE, TO Yepe3 HUX NMPOXOIUT € INHCTBECHHASA 60.abIIasa OKDPYXHOCTB.

Teopema 1.1. ITycmv A u B — ne duamempass o npomusonosoxcubie mo-
yru chepor. Toeda ma noseprnocmu chepvr kpamuatwet xkpusot, coeduns-
owet mouku A u B, 6ydem Ooaee xopomxas dyea 604bwot 0KPYHCHOCTIU,
npoxodswet vepez mouku A u B.

Hoka3zaTenncTrBo. Hasosem cdepuueckoti 10marnoti KpuByio, COCTABIEHHYIO
3 gyr GoabIux OKpyxkHOCTen. KpuByio Ha cdhepe MOXKHO C JH060U TOIHO-
CTBIO MPUOJUBUTHL KOHEYHO3BEHHOU C(HEPUIECKOU JOMAHOU, TIOITOMY AOCTA~
TOYHO J0KA3aTh, 9TO ayra AB kopode qi060u Apyrou chepudeckon JoMa-
HOM, coequusaromen Touku A u B. Kak 1 B cay4ae eBKIMI0BOU ILIOCKOCTH,
JOCTATOYHO PACCMOTPETH ABY3BEHHEIE JOMaHbIe. B camoMm gene, eciu mapy



3BenbeB P u QR 3amenuTs 6osee koporkuMm PR, TO mocie HeCKOJIbKUX Ta-
KUX ONepanuyl JJOMaHAsA 3aMEHUTCS HA OLHO 3BE€HO, IPUYEM BTO 3BEHO OyaeT
KOpPOY€e MCXOMHOU JTOMAHON.

[Mnavua nyru AB pasua @R, rae R — pamuyc cdepnl, ¢ — yromi, mof
KOTOPEIM 0Tpe30K AB BuaeH u3 meHTpa chepnl. Taxum o00pa3oM, JOKa3a-
TEILCTBO TEOPEMEI CBOAUTCS K U3BECTHOMY HEPABEHCTBY [JIS TPEXIPAHHBIX
YIVIOB: CyMMA [IBYX ILIOCKKX YIVIOB TPEXIPAHHOI'O yIiIa GOJIBIIE €r0 TPETHEro
IIOCKOrO yria. O

3uauuT, CHEPUIECKAMA MPAMBIMU ABIAIOTCA OOMBIINE OKPYKHOCTH.

Paccmosnuem mexcdy 08ymsa moukamu c@epvl HA3EIBAIOT IIUHY 00T€E KO-
POTKOI'O OTPE3KA CPeprIecKon MpaMOu, IPOXogAmen depes otu Touku. (B
Cay4dae, KOrga TOYKH AUAMETPAJBbHO IIPOTUBOIIOIOXHBI, MOXHO B3ATb JIIO-
601 13 OTPE3KOB JIO0U U3 CPEePUIECKUX MPAMBIX, IPOXOLAIINX IEPES DTU
TOYKH.)

Leunxcenuemma uzomempuet chepbl HA3LIBAIOT €€ B3AUMHO 0 THO3HATHOE
npeoOpa3oBaHue, HE U3MEHIOIIEE PACCTOSHUN MEX Iy TOYKaMu. [lpumepamu
IBUXEHUN ChEpHI CIyKAT BpalneHue cepbl BOKPYT OCH, TIPOXOIAIIEH Yepes
€€ IIEHTD, U CUMMETPUsA OTHOCUTEIBHO ILNTIOCKOCTH, HpOXOrI[ﬂH_IeI‘/JI epes IeHTP.

Teopema 1.2. a) Jwboe dsusxcenue chepor moxcno npedecmasums 6 sude
KOMNOSUYUYU He 00AEE YeM MPET CUMMEMPUL OMHOCUMEIbHO NAoCKocMel,
NPOTOOAWUL Uepe3 ee UeHmp.

6) Joboe deudxcenue cepvl, COTPARANULEE OPUEHTNAUUIO, ABAAETCA BPA-
wernueM 60KpY2 0CuU.

MokaszaTeabcTso. a) Touky X HA3HBAIOT Henodeuxcnot mowkot mpeobpa-
soBanus f, eciu f(X) = X. [IBuxkenve chepsl, IMEIOMIEE TPYU HEIIO IBIKHLIE
TOYKU, HE JEXKAIIME HA OMHOU CHEPUIECKOUN MPAMOU, TOXK JECTBEHHO.

Ilycre f — nBuxkenue cepbi, A — TOUKA Cephl, HE ABIAIOMIAIACT He-
MOABMXKHOU. PaccMOTpuM cuMMeTpuio § OTHOCHTENLHO mwiockocTu 11 (mpo-
XOMAIIEH Yepe3 LEHTP Cdephl), Npu KOTOPOU TOYKA A MEepexXoguT B TOYKY
f(A). Ecmm X — HenogpuxHas TOYKa npeobpasoBanus f, TO (€BKIUIOBO)
paccrosHue oT To9ku X 70 To4YKH A paBHO paccrosuuio oT Toukn X = f(X)
no rouku f(A). CregoBarenbHo, Touka X JeXUT B IWIOCKOCTH 11, a 3HaunT,
npeobpasoBanue Sf UMeeT HelmoIBUXKHBIE TOUKM X u A.

OTa KOHCTPYKIUS [O3BOAET IOCTPOUTh NBUXKEHUE S1 ... S, f, rae k < 3,
VMEIOIIEe TPU HEMOABWKHEIE TOYKHU, HE JEXKAIUe Ha OJHOU ChepudecKon
npamon. Takum 06pazoM, i ... sgf = id (ToxgecTBeHHOE IPEOGPaA3OBAHYE)

uf=s"...s7" =5;...51.



6) CuMMeTpUA OTHOCUTENBHO TLIOCKOCTY, IPOXOIAIICH YePe3 HEHTD Che-
pBI, m3MeHseT OpweHTanmio Cdepbl. I[l03TOMY KOMIO3MIWA HEYETHOTO KO-
JMMECTBA CUMMETPUN M3MEHAST OPUEHTANMIO, 8 KOMIIO3UIW I€THOrO KOIU-
4YeCTBa CUMMETPUU COXPAHIET OPUEHTAIMI0. A Tak Kak J000€ NBIXKEHUE
cdepBl MOXKHO PEACTABATE B BUAIE S1, S1S2 WIN 18253, TO JI000€ IBIKEHUE
chepEBL, COXPAHAIIEE OPUEHTAIMIO, MOXKHO IIPEJICTABATEL B BULE S1S2.

Jlerko npoBepuTh, YTO KOMIIO3UIUA IBYX CUMMETPUAN OTHOCUTEIHHO ILIO-
CKOCTEelU, MePEeCceKaIMXCs 10 IPIMOU | moxq yrioMm ¢, SBIsSeTCs IOBOPOTOM
Ha yroa 2¢ BOKpyr ocu [. O

Ceprueckas reomerpus 061a026T OIEHb BAXKHEIM CBOUCTBOM: JIIOOYIO
TOYKy A MOXHO OBMXKEHWEM NEPEBECTH B 00y TOYKy B, mepesems mpu
DTOM JH00YI0 MPAMYIO, IPOXOAAILYI0 Yepe3 TOUKY A, B i100yI0 IPAMYI0, IIPO-
xoasmyo depe3 Touky B. W3 sToro, B wacTHOCTH, Cregyer, 94TO B HOPMY-
JUPOBKAaX TeopeM CHEpPUIeCKOU IeOMeTPUM HE HYXKHO YKA3BIBATH, O KAKOU
MMEHHO TOYKE WK IPAMOU UAET pedb. A ecuau ObI MBI NONBITAIUCH CTPOUTH
TeOMEeTPUIO MU IUIAHETH HECUMMETPUIHOU (POPMEL, TO AJIS KAXKIOU TOUKU
NIPUILIOCH OBl (DOPMYJINPOBATEH OTAEIBHYIO TEOPEMY.

TlousTne M3oMeTPUM MOXHO OIPENENNTH HE TOJIBKO LIS OTOOPAKEHMN
MHOXKeCTBa Ha, ¢e0s1, HO U st OTOOPAXKEHUN OLHOIO MHOXKECTBA Ha, JPYrOe.
AcHo, uTO chepa ¥ MIOCKOCTH HE M3OMETPHUYHEL, T. €. He CYIIEeCTBYET U30-
MeTpuu cdepsl Ha MIOCKOCTh. B camoM fene, paccTosHMe MeXIy TOYKaMMI
cdephl OrpaHUYeHE!, & PACCTOSHIE MEX Y TOYKAMH ILIOCKOCTH HEOI'DAHIIe-
HEL.

Bouee cogepxarenen BoIpoc 0 TOM, H30MeTPUYHA 1 061aCTh Ha chepe
HEKOTOPOU 06/IaCTH HA IIOCKOCTU. VHBIMUM CIOBAMU, MOXHO JI HAPUCOBATH
HA ILIOCKOCTH KapPTy HEKOTOPOU 0OJaCTH HA cpepe TaK, ITOOBI PACCTOIHUE
Mexay Jo00N HApOU TOYEK CPephl PABHAIOCH PACCTOAHMUIO MEXKIY Iapou
COOTBETCTBYIOUINX TOYEK ILTOCKOCTH.

Teopema 1.3. Obaacmo na cepe ne moxcem 6byms u3omempuuna obaacmu
HO NAOCKOCTIVU.

HokazaTenscrBo. Hazosem c@epuueckotli okpyrcnocmvpio MHOXECTBO TO-
ek CepHl, YIAJEHHEIX OT HEKOTOPOU TOYKHU Cheprl (4ermpa OKPYKHOCTH])
Ha gaHHOE paccrosuue T (paduyc oxpyxuoctu). Ecam orpesox OX Bunen
3 neHTpa cepnl mMoJ yIVIOM (, TO Cpepudeckas OKPYKHOCTb C HEHTPOM
O, mpoxoasamasn depe3 Touky X, umeeT chepudeckuu paguyc Ra, a eBkin-
OB PaUyC 3TOU OKPYXHOCTHU paBeH Rsin a. Takum o6pasom, chepudeckas



OKPYXHOCTBb paauyca r = Ra nmeer muuay
2rRsina = 2rRsin(r/R) < 2rR(r/R) = 2nr.

JIrobas 061acTh Ha cdepe COMEPKUT CHEPUIECKYI0 OKPYKHOCTL AOCTA-
TOYHO MAJOro paguyca 7. [auHa 3TOU CHEepruecKOn OKPYKHOCTU MEHBIIE
[IJIAHBI €BKJIUIOBOM OKPYXKHOCTU paguyca r. Ho mpu u3oMeTpuu OKpyK-
HOCTb PAIUyCa T' HOJKHA [IEPEUTH B OKPYXKHOCTh TOI'O XK€ PAAUYCA, IPUIeM
IINHA €€ OCTAHETCA HpexHen. [

3aMmeuanue. UTo0bI HE PACCMATPUBATL MIWHY OKPYXKHOCTH, MOXHO Pac-
CMOTPETH [JIUHY CTOPOHLI IPABIWILHOIO TPEYTOJbHUKA, BINCAHHOTO B OKPY-
JKHOCTb PaIUAyCa, T.

[nsa chepudeckor reoMeTPUN MOXKHO ONPEIEIUTH NOAAPHOE COOMEEM-
cmeue, Ipu KOTOPOM KaxKIOU GOJBIION OKPYXKHOCTH S CONOCTABIAETCS Ma-
Pa KOHLIOB AuaMeTpa ChePEl, NEPIEHIUKYIAPHOrO S, a Kax 101 Mape mmame-
TPAIBbHO MPOTUBONMOJIOKHEIX TOYCK A m B comocTapaseTca 6OIbIAs OKPy-
JKHOCTD, JIEXKAIIAA B INIOCKOCTH, epneHuKyaapaon AB. Bymem rosopuTs,
9TO GOIBIION OKPYKHOCTY COIOCTABIAIOTCS €€ NOAI0CE, & TaPe TUAMETPAIb-
HO TIPOTUBOIOJOKHBLIX TOYEK COTIOCTABIACTCA UX NOAAPA. JIETKO TPOBEPUTH,
49TO ecau ABe OOJbIMe OKPYXHOCTU S7 U Sp mepecekaioTcs B Toukax Ay u
A,, Ta moaspa Touek A; m A, coBmagaeT ¢ GOMBIION OKPYKHOCTLIO, TTPO-
XOIAIIEN Yepe3 momca 6oabimux okpyxuocTen S; u Sp. Takum oGpazom,
TIOJIAPHOE MPEOOPA3OBAHNE TIEPEBOAUT TOYKU B MIPAMEIE, & MPAMBIE B TOUKH,
TIpUYeM yTBEPKIEHUE (IPAMEIE | U 1M MEPeCeKalTcsa B ToUke Ay mepexoauT
B yTBepxkgeHne «rouky [~ u m~* pexar za npamon Aly.

Cdepuueckomy Tpeyroabanky ABC MOXHO COIOCTABATH MOASPHLIN €My
tpeyroasauk A’ B'C’ caenyromum o6paszom: A” — TOT U3 mom0COB chepuie-
ckou mpsamon BC', KOTOPHIN JeXUT BMECTE C TOIYKOU A 1Mo OfHYy CTOPOHY OT
aTon npamou; Touku B’ u C' onpegeasoTcsa aHaIorudHO. JIerko npoBepuTh
CJIeTYIONINE CBOUCTBA TOJAAPHOTO TPEYTrONLHUKA:

1) ecau Tpeyroabuuk A’ B'C’ nmonapen tpeyroasauky ABC, TO Tpeyroab-
muk ABC moaspen Tpeyromsauxy A'B'C’;

2) eciu o, u y — yruast Tpeyroasauka ABC, aR, bR u ¢cR — piavabl
ero cropor (R — paguyc cdepsr), T0 T —a, ™ —b U T — ¢ — yIVIBL HOAAPHOTO
rpeyronsuuka A'B'C’, (1 —a)R, (m — B)R u (m —y) R — mauHBL €ro CTOPOH.

[as noxasarenbcTea cBOUCTBA 1) paccmorpum neatp O cdepor. Tax xax

0OA" 1 OCu OB 1 0OC,t00C L OA'B.



CBoUCTBO 2) creayeT U3 TOro, YT0 BHY TPEHHUE HOPMAIN K ABYTPAHHOMY
YTy BEIMHMHOU (@ 0OPA3yI0T MEXay COO0U yroa m — Q.

B chepuyaeckon reomeTpun, B OTIMYAE OT €BKJIUIOBOU, TPEYTOILHUKH C
COOTBETCTBEHHO PABHBIMU yIvIaMu O0S3aTEIbHO PAaBHBL. B camom gene, u3
PaBEHCTBA YIJIOB ABYX TPEYTOJBHUKOB CJEAyeT PABCHCTBO CTOPOH UX IIOJIAD-
HBIX TPEyTrOJIbHUKOB.

Takum 06pas3oM, B CPepruIecKOr reOMETPUN MOXKHO BEIYUCANATD ILIOMA b
TPEYrOJbHUAKA, 3HASA €r'0 YIVIBL.

Teopema 1.4. [laowads chepuneckozo mpeyzosvrura ABC ¢ yeaamu o, B
U Y PasHa
(a+B+v—mR,

2de R — paduyc cdepur.

JdoxasaTeascTBo. Paccmorpum cuagana chepuueckuti dsyyzoaprux, T. .
OJHY ¥3 4YeTHIpeX Guryp, Ha KOTOPEIE pa3bmBaioT cdepy ABe cheprueckue
npamee. [Iycts S(a) — maomans cheprdeckoro AByyroJIbHUAKA, C YIVIOM (.
fcno, uto S(a) mponoprmonansra a u S(7) = 2rR? (mromans morycdeps:).
Moaromy S(a) = 2aR?.

Tapwu chpepuaecknx npavmerx AB, BC u C' A o6pasyior 12 cdepuaeckux
OBYYTCOMLHUKOB. Bribepem m3 Hux 6 chepudecKux ABYYTOJILHUKOB, CONEp-
xamux 60 Tpeyroasauk ABC, 160 cuMMeTpudIHEN eMy (OTHOCUTEIBLHO
uentpa cheprr) Tpeyroasuuk A; By C;. Kaxnas Touka rpeyromsauka ABC
u Tpeyroabauka A1 By C1 MOKPHITA POBHO TPEMA TAKAMY [BYYTOJIbHUKAMIE, &
m06as APyras TOIKA ChEephl MOKPHITA POBHO OHUM IBYYTOJbHUKOM (TOYKH
cdepmaecknx npsaueix AB, BC u CA Mu1 me paccmarpusaem). [osTomy

4o+ B +~)R? =4wR? + 2SaBc + 254, B¢
A rax xax Sapc = Sa,B,cy, TO
Sapc = (a+ B+ — 7R
O

CaeactBue 1. Cymma y2a08 cepuueckoeo mpey2oabruKra 004bWe T.



3apauu

Panuyc chepur R npeamnosaraeTcs u3BeCTHBIM. a,b, ¢ — IIMHBI CTOPOH
c(hepruIecKoro TpPeyroabHUKA, &, 3,7 — YIVIBL C(HEPUIECKOT0 TPEYT OMbHUKA.

1. Jokasars, yTo a + b > c.

2. MokazaTeb, 4T0 a + b+ ¢ < 27R.

3. Hautu mgiamHy CTOPOHEI MPABUILHOIO CHEPUUECKOrO TPEyrOJbHUKA,
BIOUCAHHOTO B C(PEPUIECKYIO OKPYKHOCTH PAIUAYCA, T

4. Haumu yriist a8monoaspro2o TPEYTOJbHUKA, T. €. ChepuIECKOro Tpe-
YT OJIBHUKA, COBIIAAAIMETO C IMIOJAAPHBIM K HEMY TPEYT'OJIBHUKOM.

5. lokasaTk, 4TO 0OMACTD IIAINHIPA U3OMETPUIHA OOMACTHU LIOCKOCTH.

6. CymectByer qu oToOpaxenue 00aacTu chephl Ha 00JACTD IOCKOCTH,
nepeBoAIee OTPE3KU CPeprIeCKuX IPAMBIX B OTPE3KU €BKINAOBBEIX IIPS-
MBIX?

7. JokaszaTh, 9TO I TI060r0 CPEePUIECKOro TPEYTONbHUKA CYIIECTBYIOT
BIINCAHHAA U ONUCAHHAA OKPYXHOCTHU.

8. lokazaTb, 9TO a) MequaHbl, 6) BEICOTH CHEPUIECKOrO TPEYTOALHUKA
TIEPECEKAIOTCA B OJHOU TOYKE.

9. [Joka3aTh, YTO IJIOMAAL CPEPUIECKOrO KPYra PAIUYCA T PABHA,

. r
47 R? sin® (—) .
2R
B zagagax 10-14 camraercs, uro R = 1.
10. JokasaTs, 9TO B C(PEPUIECKOM TPEYIOIBLHUKE BHITOJHAIOTCA CAEAYIO-

[@e COOTHOIIEHUA:
) sina  sinf  siny
a) — = — = —
sina sinb  sinc )
6) cosa = cosbcosc+ sinbsin ccos a (nepsas TeOpeMa KOCUHYCOB);
B) cosa = — cos  cos-y + sin B siny cosa (BTOpas TeopeMa KOCUHYCOB).

11. Joxasare, ITO

in & \/sm(p' b) s?n(p - c), cos & = /s1n1?s1n(fn - a)7
2 sin bsin ¢ 2 sin bsin ¢
rnrep=(a+b+c)/2.
12. ITycte S = a + B + v — 7. [lokasars, 4TO
2) 2sin g _ \/sinpsin(p — a) sin(p — b) sin(p — ¢) ;

cos a4 €oS b cos <
2 2 2

(Teopema cuHyCOB);




S p p—a, p—b p—c
6) tg” = =tg=t t t :
)tg”, =tggte o tg 875
13. IlycTbs 7 — paguyC BIUCAHHON OKPYXHOCTHU CHEPUIECKOrO TPEyro-

apHUKA. [[0Ka3aTh, 4TO

tgr = sin(p — a) sin(‘p —b)sin(p — ¢) ‘
sinp

14. Tlycte R — paauyc ONMMCAHHOU OKPYXHOCTHU CHEPUIECKOrO TPEyro-
abHUKA. [[0oKa3aTh, YTO

ctg R = \/sin(a — s)sin(B — s) sin(y — s)

sin s

?

roe s = (a+f+v—m)/2.

15. a) Bosemem oTpesok cdepuaeckon npsamon pmae R u paccmorpum
[IOJIIOCA BCEX CHEPUIECKUX MIPIMEIX, IEPECEKAIONNX JAHHBIN OTPe30K. [Joka-
3aTh, 9TO PACCMATPUBAEMbIE TOUKA 3aMETAI0T MHOKECTBO ILIomafu 4aR?.

6) [JaHo HECKOIBKO OTPE3KOB CHEPUIECKUAX NPAMBIX, CyMMa JIUH KO-
TOpHIX MeHblle TR. [[0Ka3aTh, YTO CYLIECTBYET ChepudecKas IpaMas, He
TepeceKaromas Hi OJHOT0 MAaHHOI'O OTPE3Ka.

2. lNpoekTueHas reomeTpus

Teomerpus Jlo6aeBCKOr0 HE UMEET CTOJb MPOCTON U €CTECTBEHHOU WH-
TeprpeTamu, Kak chepuieckas reomerpus. luas reomerpun JlobaieBckoro
W3BECTHO HECKONBKO MOJENer. Y KaXAOW U3 HUX €CTh CBOM JOCTOWHCTBA,
HO W y KaXJIOU €CTb HEJOCTATKW, T. €. I PA3HEIX LEIEN OBIBAIOT ya00-
HEI pasHble Mogenu. Bce mogenu reomerpuu JIo6a4€BCKOr0, KOTOPHIE MBI
OyzeM pacCMaTPUBAThH, JOCTATOYHO TECHO CBA3AHBLI C MIPOEKTUBHOU reoMe-
Tpuen. [losTOMy CHaYaNa HYKHO MO3HAKOMUTHLCSI C OCHOBHBIMU MTOHATUAMEA
NPOEKTUBHOU I'€OMETPHUM.

IIpu npoenuwpoBanuu npsmou l; Ha npsmyio [y u3 Hekoropou Touxku O
[IJIAHBEL OTPE3KOB MOI'YyT HE COXPaHATCA. HO eciu MBI 1 9eTHIPEX TOYEK

. CiA, DA
Ay, B1,Cy u Dy mpsavou [; pacCMOTPUM BEIUYUHY i 1, TO mpHU
CiB1  Di1B;
MIPOEKIMAX DTA BEIMINHA COXPAHAETCA, T. €.
ClAl D1A1 02A2 D2A2
: = : (cM. puc. 1).

C1B, " DiB; (2B, DyBs

10



D
C 1
4, Bi '

by
Az B, Co D,

Puc. 1
B camom mene,
ClAl _ SoclAl _ 001 . OAl sinA1001 _ 0A1 sin A1001
CiB1  Soc,B,

OC: -OB;sin BiOC;  OB; sin BiOC; "
ITosTomy

ClAl . D1A1 _ (OAl sinAlOcl) . (0A1 sinA10D1>

ClBl ) DlBl o OBl . sin31001 OBl . sinBlODl

Tlocae COKDPAIIECHU 3Ta BEIUYINHA OKAXKETCA BHpa}KeHHOﬁ TOJBKO 4Y€pe3

yruer, npudem sin A; OC; = sin A,OCs u 7. 1.

Be ¢4 DA 006HO OpaTh co 3HakoM. J[lis dTOro 0 HA
IUYUHY —— | ——= YyAOOHO Oparhb HaKOM. /[lusg 5TOro HyxHO H
CB DB

NpAMOK | BBECTU KOOPJUHATEL U BMECTO, HanpuMmep, C'A 6pats ¢ —a, e ¢ u
c—a d—a

a — xoopauHaTh TOoYeK C' n A. Bennuuny HA3BIBAIOT 0601HbIM

c—b d-b
omuoueNLeM YeThHIpEX TOYeK. B ganrbHenmeM MBI 6y1eM OOLIYHO CIMTATH,
CA DA
SITO BENMMHA —p 6epeTcsa co 3HaKoM; obo3HaunMm ee [A, B, C, D].

[BOlHOE OTHOLIEHNE YETHIPEX TOYEK 3aBUCUT OT HOPAAKa TO4ek. I[lpu
TIEPECTAHOBKAX TOYEK OHO MEHAETCA IO JOCTATOYHO MPOCTHIM IIPABUAIAM.
Ouesuano, uto [A, B,C,D] = [B,A,C,D]"! = [A,B,D,C]!. Jlerko npo-
BepuTh Takke, uro [A,B,C,D] = 1 — [A,C, B, D] (370 5KBUBATEHTHO pa-
BeHcTBY (¢ — a)(d —b) = (¢ — b)(d — a) + (b — a)(d — ¢)).

Hazosem mpeoOpasoBaHue IPAMOI NPOEKMUBHIM, ECIA OHO COXPAHAET
IBOMHOE OTHOIICHKE JIO0LIX YeTHIPEX TOYeK. SICHO, 9TO 11060€e npeobpa3osa-
HEE OPAMOK, KOTOPOE MOXKHO IPEJCTABATE B BUE KOMIIO3UIUYN HECKOIBKAX
IPOENUPOBAHNY, ABIAETCS MPOEKTUBHEIM IPE06PA30BAHNEM.

ax
Orobpaxenue BUga T — , Tre ad # be, HazoBeM 0po6HO-AUHETHBIM.
cx

+d
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Teopema 2.1. Ilpeobpaszosanue npamoti npoexmusno mozda u MoAbKO Mo-
2da, xo02da ono OpobHo-aunetino.

HokazaTenbcrBo. C nomombo GOpMyJIs]

az+b ay+b _ (ad—bc)(z —y)
ct+d cy+d (cx+d)(cy+d)

JIETKO MPOBEPUTEL, YTO APOOHO-IMHENHOE OTOOPAXKEHNE COXPAHAET IBOMHOE
OTHOILIIEeHUue.

Paccmorpum Temeppr mpeoOpasoBaHue MPAMOU, COXPAHAIOIIEE IBOMHOE
oruomenue. Ilycts a1, f; u 73 — 00pa3bl TpeX PA3MUIHBEIX TOYEK Q, [
7 v. Torga Touka T u ee 06pa3 x; CBA3AHBL COOTHOIIECHIEM

Yo r—a -0 1o
Y-8 z-8 m—F z P

OTO COOTHOIIEHUE TTO3BOAET BLHIPA3UTH L1 Yepe3 & 10 GHOpMyJe BULA T =
ax +b

cx+d

ar +b
cr+d
ku £ = —d/c. UT06B n36€XaTh STON HENPUATHOCTH, NOOABAM K IPAMOU [
TOuKy 00. Torma MOXHO CIMTATDH, ITO

[ po6HO-IMHENHOE TPEe0OpPa3oBaHue L — HE OUpeaeaeHO IId TOU-

ar +b d ar+b a
=00 mpum T = —— =

— u —— =— TIpu T =00
cx+d c cx+d ¢ P

Touxy 0o MOXHO HOOABUTH K NPAMOU CJIEAYIOIMUM 00pas3oM. Bribepem
Touky O BHe mpamou | u comocrasuMm kaxgou Touke A € [ mpamyno OA.
Torga TOYKe 00 COOTBETCTBYET MPAMAasA, MPOXOAAIIas Yepes Touky O mapas-
nerpHO npamon [. Hazosem npoexmusenoti npamoti MHOXECTBO BCEX TPAMBIX
HA TWIOCKOCTH, MPOXOIAIMX Yepes pukcupoBannyo Touky O. Ilpu sTom nps-
MBI€, IpoXoaAume Yepe3 ToUKy O, OyaeM HA3LIBATEL MOYKAMU NPOEKMUEHOT
npaAmo.

Ha mpoexkTuBHOU NpsaMou MOXKHO CienyiommM 06pa3oM BBECTH KOOPIu-
HaTEL. Bymem cuamrarh, ¥T0 Touka 0 — HAYANO CHCTEMBI KOOPAUHAT HA
miockoctu. Toraa npaMas, npoxoaamas depe3 ToIky (), COCTONT U3 TOIEK
Buga (Ax, \y), roe A — HEKOTOpOe YUCiIo, £ 1 Y — (PUKCUPOBAHHEIE YUCIA,
IpuYeM XOTA OBl OMHO M3 HUX OTJIMIHO OT HyJA. TakuMm 06pasoM, TOIKE
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TPOEKTUBHOU TIPAMOM MOXKHO COMOCTABUTHL MApy uucen (r,y), mpudeM ma-
pot (z,y) 1 (AZ, \y) CINTAIOTCA SKBUBAICHTHBIMU. DTy MAPY IUCEJS HA30BEM
0010POOHBIMY KOOPOIUHGMAMY TOIKA TPOCKTUBHOU IIPAMOU.

B 0AHOPOHBIX KOOPAUHATAX NPOEKTUBHOE IPEOOPA3OBAHUE IIPOCKTUB-
HOU TIPSAMOU MMEeT BU[

(z,y) — (az + by, cx + dy).

Tlo amanmornu ¢ NPOEKTUBHOM MPsAMOU NAJUM JB3, SKBABAJEHTHEHIX OLpe-
JeJIeHUs NPoexmusHot naockocmu:

1) MHOXECTBO NPAMEIX, NPOXOAAMUX Yepe3 (PUKCUPOBAHHYIO TOYKY B
TIPOCTPAHCTBE;

2) MHOXECTBO TpOeK uucea (x,y,z), Tle YACIa T, Yy U z He BCE PABHEI
HYJII0; IPOIOPIUOHAJIBLHEIE TPOUKU CIMTAIOTCA DKBUBAJCHTHBEIMU.

Ecau gucna a, b u ¢ He Bce paBHBI HY.II0, TO MHOXECTBO TOY€EK [IPOEKTUB-
HOU TLTOCKOCTH, yAOBICTBOPAIOIINX YPABHEHUIO ax + by + ¢z = 0, Ha3wBaoOT
nPAMOT Ha NPOEKMUBHOUT NAO0CKOCTU.

Ipoexmuenvim npeobpa3oeanuem TPOEKTUBHOU ILIOCKOCTH HABBIBAIOT
npeoOpa3oBaHUE BUIA

(x,y,2) — (@112 + @12y + A132, 0212 + Q22Y + 232, 31T + a3y + azs2.)

IToxg4yepkuem, 9TO DTO FOMKHO OBITH UMEHHO IPEOOPA3OBAHME, T. €. B3AMM-
HO OJHO3HAYHOE OTOOPAKEHNE IPOEKTUBHOU ILIOCKOCTH Ha ceOsa. Ha sabike
OTpeeNuTeNeN YCIOBUE B3AMMHON OJHO3HAYHOCTU DKBUBAJEHTHO TOMY, ITO

ailr aiz2 ais
a1 Q22 az3 7’é 0.
asz1 as2 0ass

IIpoexTuBHOE IpeoOpas3OBaHMe MPOEKTUBHON ILIOCKOCTY COXPAHSAET IBOK-
HOE OTHOIIEHUE Y€THIPEX TOYEK, JeXKAIIUX HA OTHOU IpamMou. B camom geue,
He Oosee YeM OfHA U3 TPEX OJHOPOTHBIX KOOPAWHAT TOYEK NAHHOU IIPOEK-
TUBHOU TIPAMOM TOXK JECTBEHHO PABHA HY0. [[Be ApyTrue KOOPAUHATHL MOX-
HO CUMTATL OJHOPOIHEIMU KOOPAUHATAMYU HA MPOEKTUBHOU mpsamou. IIpo-
€KTUBHOE MPEOOPaA3OBaHNE TLIOCKOCTY UHAYIMPYET MPOEKTUBHOE MPeodpa-
30BAHUE DTUX KOOPIUHAT.

IIpoexTUBHYO ILIOCKOCTD MOXKHO MPEACTABATL KAK OOBLIYHYIO TLIOCKOCTD,
TIONOMHEHHY0 OeCKOHeYIHO yaatenHou npsamvon z = 0. B camom geme, Touke

(z,y,2), rme z # 0, MOXHO CONOCTABATL TOYKY C JEKAPTOBLIMEU KOODAMHA-
T

TaMu | —, Q)
-1
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Tlepengem Teneps K TOCTPOCHUIO OJHOU U3 MOAENer reomeTpun JIoGaaes-
ckoro. IIpeaBapuTEsbHO MOKAXKEM, KAK C TOMOIIBI0 JBOMHOIO OTHOIIEHWUA
MOXHO ONPENEeJIUTh «PACCTOAHUEY MEXITYy TOYKaMu a u b maTepBana (T,y).
(Mer umeeMm B BUAy He OOBIMHOE €BKIMAOBO paccrosanue.) [lomoxum

pla) = Iifabrg] = i (225225 ).

Jlerko npoBepuTh, 9TO TAKOE ONPELeIeHNe UMEEeT CMEICT, T. €.

rT—a y—a
: 0.
x—b y7b>

B camom gmene, x —a < 0,z —b < 0,y—a>0,y—>b>0. fcao raxxke,
aro p(a,a) = 0 u p(a,b) — oo mpu b — = mw npu b — y. Kpome Toro,
p(a,b) = p(b, a), Tak xax

r—a y—a [(xz—-b y—> -t
z—b y-b \z—-a y—a

Ormernym, uto Infa,b,z,y] = —Infa,b,y,x], nosTOMy HET HEOOXOZUMOCTH
Pa3aMYaTh TOYKA L U Y, T. €. 334aBaTh OPUEHTALUIO UHTEPBAJIA, (T,Y).
W3 ToxpecTna

r—a y-—>b r—b y—c rT—c y—a _1
(wb ya) (wc yb) (afa yC) B
caegyer, 9to *p(a,b) = p(b,c) £ p(c,a) = 0. Boxee TmarensHas npoBepka
TIOKA3LIBAET, YTO €CIAM TOYKA ¢ JeXUT Mexay a u b, o p(a,c) + p(c,b) =
p(a,b).

Paccrosuue p(a,b) He MBMEHAETCA NPU TPOEKTUBHEIX MPEOOPA3OBAHUAX
[IPAMOMU, COXPAHAIOMIMX UHTEPBAT (I, ).

Teneps MoxHO ompenenuTs Mmodeav Kaetlina mnockoctu JloGaeBcKoro.
Toukamu mogenu KieliHa ABIAIOTCA BHYTPEHHUE TOIKUA HEKOTOPOTO KPYTa.
Paccrosnue mexny Toukamu a u b ompenesercs kak p(a,b)! mus marepsana
(z,y), roe £ m Yy — TOYKM MEPECEeIeHUs MPAMOU ab ¢ TPAHWIHOU OKDPYKHO-
CTBLIO TAHHOTO Kpyra. ECAM TOYKH PACTIONOXKEHBI B TAKOM TMOPAIKE, KAK Ha
puc. 2, to Infa, b, z,y] > 0, 7. e. p(a,b) = In[a,b, z,y].

19710 He coBceM BepHO. Kak OyzeT o6BLACHEeHO B IilaBe 3, B Mojenn KieiHa oGHIYHO
1 c
momaraioT p(a,b) = 5\ Infa, b, z,y]| mm p(a,b) = 5\ In[a, b, z,y]|, rae mapameTp ¢ Urpaet

pouas pazuyca. Paguyc yqo6HO cuurarh PaBHBIM 1.
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Puc. 2 Puc. 3 Puc. 4

Teopema 2.2. B modeau Kaetina npamvimy A64410mcs topdvl Kpy2a.

HoxkasareancTBo. Hyxno nokasars, aro p(a,c)+p(e,b) > p(a,b), npuaem
eCcau TOYKa ¢ He JeXuT Ha oTpeske (a,b), To p(a,c)+ p(c,b) > p(a,b). Uycrs
ay4au ab u ba epecekarT OKPYKHOCTDb B TOYKAX T U Yy COOTBETCTBEHHO, Iy 4n
ac M ca — B TOYKAX Ty ¥ Y1, ay4du ¢b u bc — B TOUkax xo u ya (puc. 3).
Torga Touka 2’ mepeceveHus XOpI T1 22 U TY JEXKUT HA OTPE3Ke xb, 8 TOIka
y' TepeceveHus XOPA Yi1Y2 M TY JEKWT HA OTpe3ke ay. IlycTb p — TOUKaA
[IEPECETCHUs NPAMEIX T1Z2 U Y1Y2, € — TOIKA NEPECEUCHUA NPAMEIX PC U
zy. Touka ¢ mexur Ha orpeske ab.

[IBOMHOE OTHOLIEHNE COXPAHACTCS MIPU MIPOEKIUU OJHOU IPAMOU HA, APY-
ryto. Ilosromy

[a7 ¢, T, yl] = [a7 Cla xla y/]

[C7 b7 Iz, y2] = [CIJ b7 xla y/]

(MBI paccMaTpUBaEM NPOEKUUY U3 TOYKU P HA MPAMYIO TY).

Toxaxewm, uro [a,c,z’,y'] > [a,c,z,y] n [¢,b,2',y'] > [¢/,b,z,y]. Unbr-
MU CJIOBAMHU, Hy2KHO JOKA3aTh, ITO €CJIU TOYKH A, b, T,y PACIOMOKEHEL B Ta-
KOM TIOPAIKE, KAK Ha, PUC. 2, TO yBEAMYIEHUE OTPE3KA, LY IPUBOIAT K YMEHb-
IMIEHWIO JBOMHOIO OTHOmEHuA [a,b,z,y]. Bymem cumraTts nonoxuremsHbiM
HAIIPABJCHUE Jay4a Y2. TOraa Ijd yBeIWYEHUA OTPE3Ka LY K KOOPIUHATE
TOYKM 2 HyXHO NOOABUTH MOJOXUTENLHOE IUCIO €. BTOpOU KoHEI oTpeska
OCTaBWM TIOKa Ha MecTe. [BOMHOE OTHONIIEHWE MIPU 3TOM yMEHBIIUTCA, TAaK
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KaK
r—a zT+e—a e(b—a)

t—b x4+e—-b (z—b)(z+e—0b)

> 0.

[l11 BTOPOro KOHIIA OTPE3Ka JO0KA3aTEIbCTBO AHAJIOTUYIHO.
B pesyarTaTe mosydyaeM HEpaBEHCTBA

[aa ¢, xlayl] > [a7 cl7m7y]7

[C7b>$27y2] > [Cl,b,:(:,y].

CaenoBaTenbHo,
[aa c, I, yl][ca b: T2, y2] > [CL, CIJ z, y][cla b: z, y] = [aa ba z, y]:
1. e. p(a,c) + p(c,b) > p(a,b). O

T'eomerpus JlobaueBCckoro, kak u chepuieckas reOMeTpus U reOMeTPUs
ILTOCKOCTH, IMEET NOCTATOYHO GOJBIIYIO0 FPYNIITy U30METPUN, & IMEHHO, JI0-
Oyi0 TOUYKYy A MOXHO IePEBECTH B JIOOYI0 APYIyI TOYKY B m mpum sTOM
mepeBecTH JI00YI0 IPAMYIO, IPOXOAIIYIo Yepe3 TOUKY A, B Moy IpaMylo,
TIPOXO JALLYI0 Yepe3 Touky B. YTo6w 10Ka3aTh 3TO, JOCTATOYHO IPOBEPUTD,
9TO CYIIECTBYET MPeoOpa30BaHUe ILIOCKOCTH, KOTOPOE COXPAHAET IBOUHOE
OTHOIIIEHNE, TIEPEBOAUT JAHHLIA KPYT B Ce0s U IEPEBOUT BHY TPEHHIOIO TOY-
Ky A B mo0yi0 APYryl BHyTpeHHIOI TOuKy B. B camom geme, Taxoe mpe-
00pa3oBaHue SABIACTCA U30METPUen. A I TOro, YTOOBL IIEPEBECTH JII00YI0
IPAMYIO B JI00YI0 OPYryl0 MPAMY0, MOXHO TOYKy A mepesectu B nentp O
kpyra, a 3arem Touky O mepesectu B To4uky B. Ilpm srom mobyio nps-
MYI0, IPOXOJALLYI0 Yepe3 TO4YKy (), MOXKHO IIOBOPOTOM IIEPEBECTHU B JHO0YIO
OPYTYIO OPAMYIO, IPOXOAAIIYIO deped Touky O.

Teopema 2.3. Cywecmeyem npeobpasoeanue naocKoCmu, KoOmopoe coLpa-
naem deolinoe ommowenue, nepesodum dannvit xkpye 6 ceba u nepesodum
€20 UENMP 6 NPOUIBOALHYIO SHYMPEHNII0 MOWKY.

HokazaTenbcTBo. PaccMoTpuM mpsiMon KpyroBOM KOHYC C BepimHOU S.
Ceuenne KOHyCa IIOCKOCTBIO, IEPIIEH JUKYIAPHOU €0 OCH, SIBJSIETCA OKPY K-
HOCTBIO ¢ muameTpom PQ u nenrpom O. PaccMoTpum Takxke ceaeHne KOHyCa,
IIOCKOCTBIO, NPOXOAsmer yepe3 Touky O U NEePHeHANKYJISAPHOU ILIOCKOCTH
SPQ (koHyc MBI cauTaeM 0ECKOHEYHBIM B OAHY CTOPOHY). Ecam Touka ()’
npuHaqIexuT uHTepsaly QR (puc. 4), To paccMaTpPUBaEMOE CEYEHUE ABJIA-
€TCs DILIALICOM.
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Ha mockocTu I, cogepxamen sTot aamnc, u Ha mrockoctu II, comep-
KAIE OKPYKHOCTH ¢ arnaMeTpom P(Q), MOXHO BBECTU KOOD IUHATHL TAK, ITO
Opr)KHOCT]) W 3JLIIUAIIC COBHaII[yT HpI/I OTO)KAGCTBJIeHI/II/I TO4Y€EK C OrqI/IHaKOBI)I—
MU KoopaumHaTamu. [Ipu 5TOM B Ka9eCTBe HAYATA KOOPAWHAT MBI BEIGEPEM
COOTBETCTBEHHO IEHTP DJLINTCA U IEHTD OKPYKHOCTH, a B kKadecTse ocu O
Bribepem npsamere P'Q’ u PQ. Toraa Touka O, Jexamas BHyTPH DILIUICA,
O0TOXIECTBIACTCA ¢ Takou Toukou 01 kpyra, 9o P'O : OQ' = PO, : 01Q.

Ilpu nepememennu Touku Q' mo orpesky QR ormomemme P'O : OQ'
mamensercs o 1 g0 co. Ilosromy Touka O; MOXKET OBITH JIOOOU TOYKOWU,
Jaexarner BHyTpu orpeska 0Q).

NckoMbiM 11pe0Opa30BaHMEM ABAACTCS KOMIIO3WIUA OTOOpaxeHun [ :
IMI -1 ug:1II — IIj rae f — mpoexkuus w3 ToukM S, & g — OTOXIe-
CTBJICHUE TOYCK C OJUHAKOBHEIMU KOOpAWHATaMu. O

3agaum

1. JokazaThb, 9TO NIPOEKTUBHOE TPEOOPA3OBAHUE IPAMOU O JHOZHATHO 33~
raeTca 00pa3aMu TPeX TOYEK.

2. [oxazaTs, 9TO M1060€ MPOEKTUBHOE MPEOOPA3OBAHME TPAMOU MOXKHO
IpeaqCTaBUTh B BUAEC KOMIIO3UIINN HpOQHI/IpOBaHI/Iﬁ IPAMBIX.

3. okasaTb, 9YTO KBaJPAT HETOXKIECTBEHHOI'O NMPEOOPA3OBAHUA T
ar +b
cr+d

4. a) TlokazaTb, 9TO NPU OTOXKAECTBICHUU NUAMETPAILHO IPOTUBOIO-
JIOXKHEIX TOYEK Cephl 13 CHEPUIeCKON IeOMETPHUN MOLYIAeTCI [eOMEeTPUs
NIPOEKTUBHON ILIOCKOCTH.

6) IMokazaTs, YTO mpPU HTOM HOIAPHOE COOTBETCTBUE MPUHUMAET CJAELY-
fommit Bug: Touke (a, b, c) cooreeTcTByeT mpamas ax + by + ¢z = 0.

5. JJokasaTh, 94TO CeueHme IPSIMOr0 KPyroBOro komyca z2 + y? = az
ILTOCKOCTBIO, HE MIPOXOASAIIEN Yepe3 er0 BEPIINHY, ABIAETCA 100 JLIUICOM,
au60 napabosaon, 6o runepboIon.

6. CymecTByeT 1 IPOEKTUBHOE TIPE0OPA3OBAHNE TUIOCKOCTH, COXPAHSIIO-
Iee OKPYKHOCTb, HO IIEPEBOIAIIEE €€ BHY TPEHHME TOYKM BO BHEIIHUET

7. CKOJIBKO PA3JIMYHLIX 3HAYEHUN IPUHUMAET JBOMHOE OTHOIIEHUE YEeTHI-
PeX TOYEK NPU MIEPECTAHOBKAX DTUX TOYEK!

8. Ybegurech, 4TO €CAM TOYKA C JEXUT MEXIYy G # b, TO PaBEHCTBO
+p(a,b) + p(b, c) + p(a, c) = 0 npunumaer sug p(a,c) + p(c, b) = p(a, b).

TOXAECTBEH TOr'Ia U TOJIBLKO TOraa, korma a +d = 0.

2
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9. Kak ¢ mOMOWmpI0 DUpPKy/Is ¥ IMHEUKY BHIIOJHUTD CJIEIYIOIIUe IIOCTPO-
enus B mogean Kaenna:

a) MOCTPOUTH CEPEMHY JAHHOTO OTPE3KA;

6) COEIVHUTH JAHHYIO TOYKY C NAHHOU NPAMOUN KPATUAUIIUM OTPE3KOM
(T. €. OYCTUTH NEPIEHAUKYILAD);

B) HOCTPOUTHL GUCCEKTPHUCY yTJIa MEXAY JAHHBIMUA ABYMS IIPAMEIMUA?

10. Jokasars, 9T0 1:1060€ APOGHO-INHENHOE IPE0OPA3OBAHUE MOXKHO IIPE-
CTaBATH B BUJE KOMIIO3UIMK HE OOJIEE, 9€M TPEX WHBOJIOTUBHBIX IIPEOOPa-
soBanun. (IIpeoGpazoBaHue HA3LIBAETCS UHBOAONUEHbIM, ECIA €00 KOMIIO-
3ULUA C COOOH eCTh TOXK IECTBEHHOE IPEO0OPA3OBAHUE. )

3. Mogenu reomeTpumn Jlobauvesckoro

Ot mogenn KrerHa MOXHO IEPENTH K APYTOU BaXKHOU MOIEIN [€OMETPUN
Jlobauenckoro. Homas Monent moaydaeTcsa caepyromuM obpaszoMm. Pacemo-
TpuM chepy, IKBATOPOM KOTOPOU CIYXKUT JaHHAA OKPYXKHOCTh. [lycts A —
Touka Mogeau Kaenna, A; — TOYKA I0XKHOU MOIYCHEPH], TPOCIUPYIOIIAACT
B Touky A, A — TOYKa mepeceyeHus IKBATOPUATLHON IIOCKOCTH € IPAMOR
AN, rge N — cesepubmr nomoc (puc. 5). Conocrasue xax o Touxe A
TouKy A’, moaydum npeo6pa3oBaHue SKBATOPUAILHOIO KPyra. ITOOEI 5TO
npeo6pa3oBaHue OLLIO M3OMETPUEN, HYXKHO OMPENeIUTh PACCTOAHAE MEXK Iy
Toukamu A’ m B’ B HOBOU MOIen KaK paccToaHue Mex a1y Toukamu A u B B
crapou Mogenu. [lomrydenuywo Takum 06pa3oM Moaenb reomerpuu Jlobades-
CKOT'O HA3HIBAIOT Modeavto Ilyankape 6 xpyze.

Puc. 5 Puc. 6
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BeicauM, xax ycrpoenn npsaveie B mogeau llyankape. Xopge AB co-
OTBETCTBYET CEYICHUE IOXKHOU TOMYC(hEPHI TIOCKOCTHIO, MEPHEH INKYIAPHON
DKBATOPY. DTO CEYEHME NPEICTABIAET COOOU MOMYyOKPYKHOCTH, IEPIIEH -
KYJAPHYIO 9KBATOPUAILHOU OKpyx)HOCTH (puc. 6). Ilpu npoexnuu u3 nomo-
Ca HA DKBATOPUAILHYIO IIOCKOCTh T MOIYOKPYXKHOCTH MEPEXOIUT B AYTY
OKDYHOCTH, HEPIEHINKYIAPHON DKBATOPUATLHOU OKPYXKHOCTH. (DTO Cae-
IyeT u3 CBOUCTB CTepeorpapudecKon MpoeKnuu, KOTOpse 6y 1y T pa3obpaHs
Ha cemumuape.) Taxwmm 06pasom, mas mogenu Ilyankape B Kpyre IPAMBIMA
SBJIAIOTCA AYTU OKPYXKHOCTEN, IEPIEHANKYIAPHLIX TPDAHUIHOU OKPYKHOCTH
MAHHOT'O KPyra.

s mogenn Ilyaukape maHHBIM KPYT yAOOHO CIATATH €IUHUYIHEIM KDPY-
TOM H& KOMILIEKCHOU WIOCKOCTH. (Edunuunvili xpye 3a1aeTCa HEPABEHCTBOM
|z] <1,2¢C)

[7151 TO9EK KOMILIEKCHOU TIOCKOCTH, KaK U JJIA TOYEK BEIECTBEHHOU TIPS~
MOU, MOXHO PAaCCMOTPETH JBOMHOE OTHOLIEHUE

o 23 — 21 . Z4 — 21
[21, 22, 23, 24] = H : H-
B 5TOM caydae ABOMHOE OTHOIIEHUE ABISAETCA, BOOOIIE TOBOPS, KOMILIEKCHEIM
YUCIOM.

Herpynuo ybeamrnes, aTo ecan Toukn Z u W nexar ma xopae AB, a Z'

u W’ — cooTeercTBytomue Toukm mogenu Ilyankape, TO

[A,B,Z,W]| = |[A,B,Z",W']]".

B camom gene, crepeorpaduaeckas NpOEKIUa ABIACTCA OTPAHUYEHUEM TTPO-
CTPAHCTBEHHOU WHBEPCUM, TO3TOMY OHA COXPAHACT ABOWHOE OTHOIICHUE.
Kpowme Toro,

AC? BC?

AZ :7ZB=——:

AB  AB

(cm. puc. 6). Takum ob6pasow, |In[A, B, Z,W]| =2|In|[4, B, Z',W']||.
Hanomunw, uro p(Z, W) = |1n[A, B, Z, W]|. lostomy

= AC? : BC?

! / ! /
p(Z',W') = 2|ln[[4, B, Z", W']]l.
Ilo anamoruu ¢ GECKOHEYHEIM CEMEUCTBOM PA3INYIHEIX C(PepUIeCKIX reoMe-

Tpun (A pasHEIX PAgAyCOB R MBI momydYaeM pasHble DeOMETDPUM) MOXK-
HO TOIYYATH GECKOHEIHOE CEMENCTBO reoMeTpuin JI06aeBCKOro, MOJIOXKUB
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p(Z,W) = %|ln[A, B, Z,W]|. Poxs napamerpa ¢ B reomerpun JobadeBcko-

0 BO MHOT'OM QHAJOTWYHA, PO paguyca R B chepudeckon reoMeTpun.
Eme oguy mMozens reomerpun JIo6a9eBCKOr0 MOXHO MOIYYUTH, 0TOOpa-

3UB €VHWYHLIN KPYT Ha Bepxmion noxymiockocts H = {z+iy € C |y > 0}

C TIOMOITBIO IPOOHO-TUHENHOTO OTOOpaxenusa. [lia 5Tou meau roguTcs, Ha-

npumep, 0ToOpaxeHue

A4z
Zow=1 .
1—=2

B camom meue,

mw=Re(LTZ)_1(1tz 142 12
vER T ) T2\ T1-z) T i zp

Mosromy Imw > 0 < |2| < 1.

Tonyuennas rakum 00pasoM MOLeIb reomerpun JI06aIeBCKOro HA3LIBA-
eTcsa modeavio Iyanxape 6 sepruett NOAYNAOCKOCTIU.

T'eomeTpuio JI06a9e€BCKOT0O YACTO HABKIBAIOT 2unepbosuseckoli reoMeTpu-
eu. TlosTOMY TIpsAMEIE, OKPYXXHOCTU U APYTUE OOBEKTH reoMeTpuu JloGaden-
CKOro OyIeM Ha3BIBATDL 2UNEPBoAUNECKUMY, ITOOBI OTIANIATD UX OT €BKIN-
NOBEIX TIPAMEIX W OKPYXKHOCTEH.

[ poOHO-TMHENHEIE TPEOOPA3OBAHNA IIEPEBOAAT MPAMEIC U OKPY2KHOCTH
B IOPsAMEIE M OKPY2KHOCTH. KpOme TOro, OHM COXPaHAT yriel IlosTomy
B BEPXHEH MNOJYILIOCKOCTH H runep6oiImaecKuMy MpAMBIME ABJIAIOTCA BEp-
TUKAJLHLIC JIyIU U MOJYOKPYKHOCTH, EHTPEI KOTOPHIX JEXAT HA ACUCTBU-
TEJILHOU OCH.

[pobHo-TMHENHBIE OTOOPAXKEHUA COXPAHAIT ABOMHOE OTHOIIEHUE, IMO-
2TOMY PACCTOSHUE MEX Iy TOYKaMu B Mogenu [lyankape B BEPXHEH MMOTYTLIOC-
KOCTH OTIPEAENAeTCA CIeAymuM o6pa3oM. IlycTs runep6oandeckas npamas
AB noaxonut K BemecTBeHHOU ocu B Toukax X u Y (puc. 7). Torga

p(A,B) = c|ln[4, B, X, Y]|.

([Ia KpaTKOCTU MBI OIyCTWIX BTOPOU 3HAK MOAyad. [emo B TOM, 9TO He-
CJIOXHAA TIPOBEPKA MO3BOJAET YOEIUTHCA B €0 HEHYXKHOCTH.) B ToM cuy-
4Jae, KOrJa runepbonandeckas NpsaMas SBISETCS €BKIUJOBLIM JIYYOM, IOJO-
—a )
xuM Y = oo, T. e. y—b = 1. [I1s NONOXWTEIHHOrO JIyua MHUMOU OCH
y—

dopMysa 18 BEIYUCICHUSI I'UNIEPOOIMYIECKOr0 PACCTOAHUA IPUHAMAET OCO-
6enno npocron Bug: p(ia,ib) = c|In(a/b)|.
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BrusicauM Temeps, KAk yCTPOEHBI NBUXKEHUS ILIOCKOCTU JI0OA4eBCKOrO.
JIro6oe mpoOHO-TMHETHOE TPEeOOPA30BAHME, COXPAHAIIICE BEPXHIOK TOIyT-
nockocTb H , sasercsa geuxenuem mwnockoctu Jlo6agesckoro. Ilycrs a, b, ¢, d

b
€ R. Jlerko nposeputs, 4T0 0TOOpaKEHUST 2 > az—-’_d’ rae ad —bc > 0, u
cz
az+b
— — 7 rae ad — be < 0, COXpaHIOT BEPXHIOI MOAYILIOCKOCThL. B camom
,qene,cz +
az+b (cz+d)(az +b) bcz + adz Imz
I =Im~—~——"" 7 —Tm———" = (ad — bc)—=——
e ra - ™ ez + d|? o lez + dJ? (a c)|cz+d|2
azZ+b Imz
Im —— = (bc — ad) ———
Mrtd (be —a )| 2z + d|?
AL
B
A Y
x
Y X
|
Puc. 7 Puc. 8

Teopema 3.1. Jwboe (eunepbosuveckoe) deuxcenue 8epTHeli NOAYNIOCKO-
cmu H umeem eud

az+b s z’_)a(fé)+b
cz+d " c(—z)+d’

Z

2de a,b,c,d € R wad —bc > 0.

MokazaTenscTro. ['eomeTpusn JloGaveBckoro 061agaeT TEM CBOUCTBOM,
aro Touka C aexut Ha orpeske AB Torga u Toabko Torga, xorga p(A, C)+
p(C,B) = p(A, B). U3 5T0ro cBOUCTBA CleqyeT, 9TO J06asi U30METPUs Ie-
PeBOAUT rUNepOOIMIECKY 0 IPAMYIO B TUIEPOOIMIECKYIO IPAMYIO.
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IIpeanonoxum, 9TO H3OMETPUA Y TEPEBOAUT NOJOKUTEIBHEN Iyd L MHUI-
MOU OCH B runepborudeckyo npamyio (L), m0AX0AAIy o K BemEeCTBeHHON
z—x
=Y
ABIACTCA TUTEPOOMMHUECKAM JBYKEHUEM ¢ |, TIPIYeM DTO JBUXKEHUE Tepe-
BoauT runepboandeckyro npamyo (L) B L (ecau y = oo, 10 g(2) = 2z — x.)
Taxum 06pa3oM, M3OMETPUA ¢ L TepeBOIUT TUIePOOTTIecKyo TpaMyo L
B ceba. Ilpumenus, ecau HyxHO, u3omerpuio z — kz(k > 0), MoxHO Cuu-
TaTh, YTO W3OMETPHUA g ' ocTaBigeT TOUKy i Ha MecTe. CremoBaTerbHO,
rouka ia(a € R) mepexogur B Taxywo Touky ib, uto p(i,ia) = p(i,ib), T. e.
|lna| = |Inb|. B Tom cayvae, korga m3omeTpus g ¢ mepecTaBiseT ru-
nepbonuaeckue ayau (i,00) u (i,0), TPUMEHUM JOMOTHUTENIHLHO U30METPUIO
z + —z~ Y. Jlns nonyuennou maomerpuu g l¢ Bapwant b = a~! ornaga-
€T, TI0ITOMY OH4 OCTABJIACT HEMOJBMKHEIMUA BCE TOYKA TUMEPOOTITIECKOU
npsamon L.
[lJ1st BErMuCAeHNA TUnepGOInIeCKOro PACCTOAHAS d MEXK Ty TOIKAME 2, W €
H MOXHO BCTIONB30BATH (GOPMyIy

ch<g) :1+%L1T%,

1
rae cht = §(et + et — eunepboauneckuii Kocunyc. DTy HOPMYIy MOKHO

ocu B TOYKaxX T u y. Torga omgHO M3 AByX mpeoOpasoBaHuu z — =+

TIOAYYIUTH, BEITUCJINB KOOPANHATEL TOYCK B KOTOPBIX anepﬁoﬂnquKaﬁ Ips-
Masd W IIOAXOAUT K BeHIeCTBeHHOﬁ OCH, a 3aTeM BBIYUCIUB COOTBETCTBYIO-
mee nBOMHOE OTHOwEeHne. Ho Takon cnoco6 TpefyeT rpoMO3 KX BBIMKUC/IC-
uuu. IIpoeeputs 51y dpopmyray moxuo mpome. Obe ee 4acTH UHBAPUAHTHEL
OTHOCUTENBHO BEIIECTBEHHBIX APOOHO-IMHENHLIX MPEOOPA3OBAHUN C TOJO-
XKUTEILHBIM OpeneauTenseM (I IPaBOi 9aCT (HPOPMYJIEL JOCTATOYHO IPO-
BEpPUTDH MHBAPUAHTHOCTH OTHOCHTETHHO TIpeobpa3oBanuit z — 2 +a, a € R,
n z — —1/z). IIpeoGpasoBaHueM TaKOro BUAA MPAMYIO ZW MOXHO IepeBe-
CTM B NMOJOXWUTEIBLHBIN Jyd L MHUMON OCH, a A1 TOYEK 4x,iy € L merko
IPOBEPUTE, YTO 00€ JacTu (OPMYJABEl AT OLUH U TOT XK€ Pe3yabTaT, a

2 (5+5)
UMEHHO, — | — + = |.
2\y =z

17 BCeX MOMOKUTEILHLIX YICeT ¢ M30MEeTPUA ¢ L OCTABIACT TOUKY it
HETO IBUXKHOU, TIOITOMY [JIS BCeX 2z € H BHLINONHAETCA PABEHCTBO

plit, 2) = p(it, g~ "p(2)).

Oycts 2z = x + iy, g '¢(z) = u + iv. Wz GOPMYyIE A1 BHIYUCICHUA
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PaCCTOAHUA CIeLyeT, ITO

jit — 2 _ it —g"o(2)?
tIm(z)  tIm(gLe(2)) ’

T. e [22 + (t — y)?]v = [u? + (t — v)?]y. DTO PABEHCTBO BLIMOMHACTCS 1
BCeX TOJOXUTENBHBIX £, IOdTOMY ¥ = v u 2 = u?, 7. e. g 1p(2) = 2z wm
—Z. A Tak xKak m30MeTpUa ABIAETCA HEMPEPLIBHEIM OTOOPAXKEHNEM, TO OIHO

X 3TUX paBeHCTB BBIIIOJHACTCSA JIsL BCeX TO4YEK O,ILHOBpeMeHHO. HOBTOMy
¢(2) = g(z) mm p(z) = g(—2). O

3ameuanue. B popmynauposke TeopeMsr 3.1 MOXHO cIuTaATh, YTO ad —bc =
1. B camom gerne, nycts ad — bc = t > 0. Iogemum wuucaa a, b, ¢ u d Ha
Vt. B pesyabTaTe mooydumMm TO e caMoe IpeoGpa3OBaHME, HO IS HOBBIX
k05 unmesTOB a, b, ¢ u d Tpedyemoe ycaoBue GyneT BBITOJIHATHCA.

Cdepuyeckyio reomeTpuio u reoMeTpuio JI06a9eBCKOr0 MOXKHO MOCTPO-
uTh enuHBIM 00pa3oMm. Todnee roBops, pedb OymeT uaTU HE O Chepude-
CKOU T€OMETPUH, & O TAK HABEIBAEMON IAAUNMUYECKOT TEOMETPUN, KOTOPAs
MOMYy9aeTCa U3 CHEPUIECKON MeOMETPUM OTOXK JECTBICHUEM IUAMETPATHHO
MIPOTUBOMOJIOKHEIX TOYEK.

1 equHOOOPA3HOr0 MOCTPOCHUA DJUIAITUYCCKON W CUIEPOOIMIeCKOn
reOMeTPUM HAM IMOTPEOYETCA KOMNAEKCHOE NPOEKMUBHOE NPOCMPAHCMEO
CP2. Ono ompegensercs aHAIOIMYHO BEIIECTBEHHON IIPOEKTHBHOH ILIOC-
kxoctu IRP2, HO BMECTO TPOEK BeIeCTBEHHEIX UiCea 0epyTCs TPOHKH KOM-
IVIEKCHBEIX JIUCEN; TPOUKM CIATAIOTCA DKBUBAJCHTHBIMU, €CJIU OHM IIOMy<a-
IOTCA APYT U3 OPYra YMHOXKEHUEM HA KOMIUIEKCHOE YUCIO.

BaskHoe 3HadeHuMe OyIeT A1 HAC UMeTh Takxke Kpubad 2 + y2 + 22 =0
B CpP2.

Paccmorpum Touku Py = (x1,y1,21) 1 Po = (z2,ys, 22), Jexamme Ha
cdepe z? —l—y2 + 22 = R%. DTu Toukn; MOXHO Takxke cuntarh Toukamu CP2.
Opavas P, P, 8 CP? nepecexaer kpusyio 2 + 42 + 22> = 0 B Touxax J; u
Jo. Iokaxem, 4To .

eiQ’Mp = [P17P27 Jl; J2]7

rae ¢ — yroa mexay paguycamu OP; u OP,. B camom gene, npsivas Py Py
B CP? cocrout u3 Touex Buia

(1 + A2, y1 + Aya, 21 + Az2)
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rae A € CUoo (Touxe Py coorsercrByer A = 0, a Touxe Py cOOTBeTCTByeT
A = 00). 3HaveHus \, COOTBETCTBYIOMME TOYKaM Ji, U Ja, yIOBJICTBOPAIOT
YPAaBHEHUIO

(z1 + A22)? + (y1 + My2)? + (21 + Az2)? =0,

T.e. 1+ (2cos )X + A? = 0 (MBI BOCHIOIB30BATHACH TeM, ITO T3 + y? + 22 =
R?%, 22 +y2 + 22 = R? u 2129 + Y192 + 2122 = R? cos ). CnenosaTensso,

A1 cospta/cos?p—1 cosptising +2ip
—— = = =€ -

Xy cosp F /cos?2p—1 ~ cosp Fising

C gpyrou CTOpOHHI,

)\1—0_)\1—00 )\1

P, P, = — =,
[17 27J17J2] /\2*0 )\2*00 )\2

Taxum o6pasom, '
[PI)P25 Jl) JZ] = ei%(p-

MMosTomy paccrosirue d mexay Toukamu chepsl paguyca R mMoxwHO onpene-
JUTH 10 (popMyIe

d:R(p= igln[Pl,Pg,Jl,JQ], (31)
rae In — yskumsa, 06paTHAA DKCIOHEHTE. JTO OIpeneieHne TpedyeT HEKO-
TOPHIX HOSCHEHUN, TAK KAK PACCMATPUBAIOTCA QYyHKINYA KOMILIEKCHODO IIEPe-
MEHHOT'0, IIPIYEM TOXIECTBO e2™ = 1 mOKa3EIBaeT, 4TO O6PATHASL (PyHKIHA
MHOro3Ha4yHasA. Ho MBI HUKAKVX MOSACHEHUN AaBATH He OyaeM, IOTOMY YTO B
HanboJiee MHTEPECHOM LI HAC Ciaydae reoMeTrpuu JIo6aueBCKOro aHAIOIAY-
Hast GOPMYJIa COLEPKUT JUMD PYHKIUKA TEACTBUTEILHOIO IEPEMEHHOIO.

HanomuuMm, kak 6bu1a moaydena gpopmyaa (3.1). Mul paccMoTpenu TOYKM
Py, P, € R3 xax Touku C3, sarem conocrapum um mpameie OP; u OP,, a
5Ty mpaMble paceMorpenn Kak saementsr CP?. Touku P u P, nexar B
R3 u C? ma nosepxmoctu 22 + 32 + 22 = R?2. B C? moxuo paccmorpers
HE TOJBKO ¢epy AEUCTBUTEILHOIO PAIAYCA, HO U ChepPy MHAMOI'O PAJAYCa
22 +y% + 22 = -2, cc R. Ilo cytu gena, paguyc R MbI 3aMeHsIeM Ha ic.

Kak u B ciydae o6ervuon cepnl, 4 chepbl MHUMOIO pPaaumyca ymoo-
HO OIDAHMYUTHCS BellecTBeHHbIMU Toukamu. Ilogoxum 21 = iz. Torga
noxyuuM noBepxHOCTh T2 + y? — 27 = —c?. Ilpu BemecTBeHHBIX T,y U 21
2Ta NOBEPXHOCTH NPEACTABIACT COO0M ABYHNOIOCTHLIN runepbomony (puc. 8).
OTMeTuM TaxXe, 9TO MPW YKA3aHHOM TTPe0OPa30BaHUY TIOBEPXHOCTDL T2 +
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y? + 2? = 0 npespamaeTcs B moBepxHOCTH T2 + y? — 22 = 0, KOTOpAs Mpu Be-
IIECTBEHHBIX T, § U 21 ABIAETCA KOHyCOM. Ilycte Py u P, — TO4Yku BEpXHEU
HOOCTH ABYTNOOCTHOTO Tunepbononga r2 +y2 — 22 = —c2. PacemoTpum ux
kak Touku CP2. Mpamas P, P, 8 CP? nepecexaer xpusyio 2 +y? — 22 =
B Toukax J; u Jo. Ilo aHamoruu ¢ SIIMITUYECKON TeOMeTPUeN OMpPeneInM
paccrosiane Mexay Todkamu P; u P o ¢popmyae

d:igmm“%JMM:igMHJﬁhJﬂ
Okas3bBaeTCA, 9TO B PE3yabTaTe MOIyIuTCsa reomerpus JloGadesckoro! B
camom nene, paccmorpum cedernme D? xomyca 22 + y? — 22 < 0 mexoTOpOI
TJIOCKOCTBIO, MEPIeHINKYIAPHON ocu Kouyca. Jlyuu OP; u OJ; nepecekatoT
D? s rouxax P u J!, npuiem [Py, Py, J1,J2] = [P, Py, Ji, J5]. Takum o6pa-
30M, CIPOENIPOBAB BEPXHIOK IIOIOCTH ABYIOJOCTHOrO rumepboionsa ua D2

73 HAYaIa KOOPAUHAT, MOIydnM Mogens Kienna reomerpun Jlo6aueBckoro.
OrMeTuM, 9TO 1O AHAJIOrUHU ¢ POPMYIOU

2
COS2 i — (u7v) ,
R (u,u)(v,v)
— —_—
rge u = OP;, v = OP,, MOXHO 3anucaThb (HpOPMYIy

rge [u,v] = ugvr + ugvs + (fug) (ivs) = urvr + ugve — uzvs. Tak kak cost =

it o it —t |t id d
i, To cos(it) = e te _ cht. Tlostomy cos “) = ().
2 2 c c

Dopmyaa

o (£) =

I,I[eI‘IJICTBI/ITe.TIbHO BEPHA; €€ MOXHO IIPOBEPUTH HEIIOCPEACTBEHHBIMU BBIYINCJIC-
HUAMMNU.

3apauu

1. JokazaTsb, 9TO IpeobpasoBanue, 0OPATHOE APOOHO-IUHENHOMY, TOXKE
IPOOHO-TNHENHO.

25



2. TokaszaTkb, 9TO JH060€ TPOOHO-TMHENHOE TPEOOPABOBAHNE MOKHO TIPEI-
CTABUTHL B BUI€ KOMIIO3NINK IIPEOOPA3OBAHNN BUIA 2 — — U 2 — az + b.
z

3. [oxasars, 94TO npu IPOGHO-TUHENHOM NPEOOPA3OBAHNY KOMILIEKCHOU
IJIOCKOCTH MIPAMAs WK OKPYXHOCTh IIEPEXOAUT B MPAMYIO WIX OKPYKHOCTD.
4. TokazaTb, 9TO APOOGHO-INHENHBIE TPEOOPAZOBAHUA COXPAHAIOT YTUILL.

5. a) [loka3aTk, 9TO TOYKM 21, 22, 23 € C nexar ma oHOM IPAMON TOr 1A
21 — 22
" TOJBKO TOTr'Ia, KOrTga —— € R
1 — k3
6) [loka3aThb, 9TO TOYKU 21, 22, 23, 24 JEKAT HA OJHOU MPAMOU WIA OKPY-

MKHOCTB TOTJ]A U TOMBKO TOTA, KOTAA [21, 22, 23, 24] € R

6. [doxazarb, uro ecmm Imz; > 0 mw Imzy > 0, TO cymecrByer mpe-
obpazoBanue z — az_—l—b7 rie (a b) € SL(2,R), nepesogsmee 21 B 2.

cz+d c d

(SL(2,R) — mmoxecTBo MaTpunm 2 X 2 ¢ BENIECTBEHHBLIME DIEMEHTAMU W
onpeaemmTesem 1.)

7. a) [JokasaTs, 9TO CTEPEOrpapuyIecKas IPOEKIUA MPEACTABIAET COOOU
orpaHuveHue Ha cepy MHBEPCUM B IPOCTPAHCTBE.

6) [JoxazaTs, 4TO cTepeorpaduiecKas IPOEKIUs IEPEBOANUT OKPYKHOCTH
Ha cdepe B OKPYKHOCTH WIM IPIMEIE HA ILIOCKOCTH ¥ COXPAHAET YIUIBL.

B) JI0Ka3aTh, 9TO CTEpeOrpabuIecKas NPOEKIa COXPAHAET JBOUHOE OT-
HOIIEHIE.

8. Mokaszars, 4T0 TOuKe 2 B Mogeau Ilyankape B efuHWYHOM Kpyre CO-
2z

OTBETCTBYeT TOUKa - —— B Mojeau Kienna.
|z]2 +1
9. Mokaszare dopmyry

ch (9) P Ul
c 2Im(z) Im(w)
[IPSAMBIMY BEIYUCJIEHIAMIE.
10. [Moxasarb, uTo runepboamyeckas OKPyKHOCTb B Mogeu Ilyanxape
ABJISAETCA EBKINIOBON OKPYXHOCTBIO (C IPYTUM HEHTPOM).
11. [loka3aTe HEPABEHCTBO TPEYTOJILHUKA, B MOgeau [lyankape B BEpXHEn
MIOJIYIIOCKOCTH.
12. Hatu MuHUMAJIBHOE TUIEPOOIMIECKOE PACCTOAHUE OT TOYKU (T, Y)
BEpXHE! MOIymiockocTu 10 ayda Oy.
13. a) oka3aTh, 9TO OPU ABMXKEHUM TOYKYA IPAMOU = = 1 mo HAmpaBe-
Huio K ocu Ox paccrosuue oT Hee 10 npsmour Oy GECKOHEIHO BO3PACTAET.
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6) [oxazaTh, 9TO IPU ABMXEHUU TOIKU BIOMb MUIEPOOITICCKON TPAMOU
(z—1)24y? = 1 no manpasiesuio k Touke (0,0) paccTosHue OT HEe 10 MPAMON
Oy CTPeMUTCsA K HyJIIO.

14. Toxa3aThb, 9TO BCE TOYKU E€BKJIUJOBOU MPAMOU Yy = kI, JEXKAIIUE B
BEpPXHEU MOMYILUIOCKOCTH, PABHOYJAJIEHEI OT Tunepbonrudeckon mpamou Oy.

15. lokasaTh, YTO MHOXKECTBO TOYEK, PABHOYJAJEHHLIX OT IBYX JAHHBIX
TOYEK, [PEACTABIAET COOOU rUIepOOJnIECKYIO IPAMYIO.

16. Ilycts A; = (.’L’1 + A2, Y1 + Ay, 21 + /\ZZQ) c CP2. JokasaTek, 9T0

XA M- A

Ay, A, Az, Ayl = : .
[17 25413, 4] A3*)\2 A4*)\2

17. [loxaszaTb HEIOCPEACTBEHHO (POPMY.Iy
d u, v]?
ch (—) UL ,
c [u, u][v, v]
C — —
raed = iiln[Pl,P% Ji, 5], u=OP;, v=0P;.
18. [oxasaTh, 4TO €Cay BCE YIUIBI IUHIEPOOIMIECKOr0 MHOIOYIOJIbHUKA
MEHBIIE 7, TO OH BHITYKJIBIN.

19. MokasaTsb, yTo B Mogenu Kuenna (rumep6oiumveckas) OKpyRHOCTh
IPeNCTABIACT COO0U (€BKIUIOBY) OKPYKHOCTD WU DILIUIIC.

4. [unepbonuueckasi anemeHTapHasi FeEOMeTpus

B runep6onnueckor reOMeTpUN MOHATUE BEAUNUHbL Yen0 MOXKHO OLIpe-
aeauTh caeqynommM obpaszom. Bygem roBopuTh, YTO BEIMYUHA YIUIA PAB-
Ha 27/n, ecam 1 yraoB ¢ OOWmEN BEPIIMHOU, KOHTPYSHTHBIX JAHHOMY YUY,
MOKPHIBAIOT BCIO ILIOCKOCTH JloGadeBckoro 6e3 mHajnoxenui. Temepsb Jerko
OIIPEJEINTD YIOX BEIUUUHON 2WM /M, & 3aTeM [0 HENPEPHIBHOCTH MOXKHO
ONPEIEIUTDL BEJIUINHY JH000r0 yIia.

s momenu Kaenna n mias momenu Ilyankape B Kpyre MOBOPOTHI BO-
Kpyr' LEHTPA KPyra ABIAITCA ABMXKeHusMu. [l03TOMy B LeHTpe Kpyra B
06enx MOJENIX BEJUYINHBLI TUNEPOOJNIECKUX YIVIOB COBIA AT C BEININHA-
My eBKJINIO0BEIX yruoB. llenTp kpyra runep6oindecKuM IBUXKEHIEM MOXKHO
nepeBecTu B a0y Apyryo Touky. [luas monenu Ilyamkape aBmxeHwus co-
XPAHAT €BKINAOBEL YIVIBI, IOITOMY [JIS1 HEE HOHATHIE BEININHBLI €BKIINI0BA,
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yTJIa COBOAIAET C MOHATUEM BEIUIMHEI TUIEPOOITIeCKOro yria. (YTroa Mex-
Iy ABYMs IEPECEKAMUMUCI OKPYXKHOCTSAME OIPEIENIeTCA KAK YOl MexX-
Iy KaCaTeIbHBIMU B TOYKe nepecedenus.) [laa momeau Kaenna neumxenus
He 00533TeNbHO COXPAHAIT €BKJANJOBHI YIVIBI, IIOdTOMY 1A HEE BEIMYIWHA
runepGOMMIeCKOro yria He 0032 TeIbHO COBIAIAET C BEININHON €BKINI0BA
yraa.

Puc. 9 Puc. 10 Puc. 11

Ha eBkIMIOBON IIOCKOCTH Yepe3 TOYKY A MOXHO IPOBECTH JAML OLHY
NPAMYIO, TAPALIENbHYIO JaHHOU npsamou. Ha mmockocTu JloGadeBcKoro de-
pe3 TOUKy A MOXHO IPOBECTH LIEI0€ CEMENCTBO IIPAMEIX, HE IEPECEKAIONNX
nauuyo npsamyo [. Takue mpsMmbie 3amONHAIOT NApPy BEPTUKAJLHBIX YIVIOB
(ma puc. 9 m3o6paxenst >tu yrawl B Mogenu Kaenna). Cpenu o6pasosasmmx-
Cs 9€THIPEX YIVIOB C BEPIIMHON A BBIIEINM TOT, KOTOPBIM CONEPAKUT IPAMYIO
l. CTOpOHBI >TOr0 yria HA30BEM AYUAMU, NAPALLeabHbIMY Npamot [. Tps-
MBIe, COJep:Kalle dTU JIydu, HA30BEM NPAMbIMU, NAPAALEAODHBIMU NPAMOU
l. B reomerpun Jlo6aueBcKOro creayeTr roBOPUTH MMEHHO O Mapa/LIeIbHBIX
Jydax, a He NAPALTENbHLIX TPAMEIX, MTOTOMY YTO IB3 JyYa, HA KOTOPHIE
Touka A pasbuBaeT NPAMYI0, BEAYyT CeOs MO-PA3HOMY MO OTHOIIEHWIO K Ma-
PALIETBHON €U TIPAMOU: OAWH JIyd MPUOIMKAETCs, a APYrou yaauserca. B
YaCTHOCTHU, OTHOIIEHUE MAPALIEILHOCTA TPAH3UTUBHO TOMBKO [JIA JIyIeH.

Yeaom napaasesprocmu mias Touku A u mpsmou | HA3BIBAIOT MOIOBU-
Hy BEJIUYVHBI yIUIa, 00PAa30BAHHOrO Jy9aMu ¢ BepmmHON A, mapamstensHbmvu
npsimon [.

Yroan mapamueasHOCTE (¢ 0618 02eT CaeayomuM CBOUCTBOM. OmycTuM m3
Touku A nepnengukyaap AH ua npsavyio [. IIposegem us Touxku A aya AB,
obpasyromuu yroa 3 ¢ ayaom AH. Jlya AB mepecekaeT mpamywoo [ Torga
¥ TOJBKO TOrja, korga f < a. OTO CBOUCTBO MOXKHO B3ATb B KA4eCTBE
OIIpEeIeHNs] YTUIA TAPAJLIEIbHOCTH.

Jlerko mpoBepuTh, YTO Yo/ HAPALIEILHOCTY (¢ 3ABUCUT JIUIIL OT PACCTO-
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SHUA @ OT TOYKW 00 NPAMON. BBIACHUM, KAK MMEHHO CBA3AHBI @ U (. JTO
HECJI0XKHO CHeMaTh B 000N m3 mogenen. PaccmoTpum, HAnpuMep, MOne b
Kunenna, npuvem Oygem camTaTh, 9T0 TOYKA A COBIALAET C HEHTPOM KPyra,
(puc. 10). ITo onpegenenuso

1 XH YA _ < 1+cosa) 1 a

n (ﬂ | ﬁ)‘ =3l (71 cosa> = cln(ctg 3)-
CuenoBarensno, e~ %¢ = tg(a/2). Mpu a/c — 0 morydaem a — 7/2, T. e.
Ipy yMEHBIICHUUN PACCTOAHUA 4 WIN IIPU yBEIUYICHUU «MHUMOI'O PaguycCa» C
reoMeTpus JI06aIEBCKOTO MTPUOIMKAETCA K €BKINIOBON TEOMETPUN.

B panbmenmeM gis ynpomeHus ¢popMmya OyaAeM CIATaTh, 9To ¢ = 1.

B rumep6omndeckon reOMeTpUM CyMMa YIVIOB TPEYTOJIBHUKA MEHBIIE 7.
OTO yTBEPXKIEHME JErkKO A0Ka3aTh B Mogeau IlyaHkape B Kpyre, mOMeCTUB
OJ[Hy U3 BEPIIKH TPEYrOIbHUKA B eHTpP Kpyra (puc. 11). B camom gene, yron
A runep6oaunyaeckoro rpeyroasuuka ABC paBeH yruy A eBKIMI0BA TPEYro-
JBHUKA, a yribl npu BepmmHax B u C' y runep60andeckoro TpeyroibHIKa
MEHBIIIE.

B eBkIMI0BOU reOMETPUN CTOPOHEL U YTUIBI TPEYTOILHUKS, CBA3AHBI HEKO-
TOPBEIMU COOTHOIICHUAMHU. B reomeTpuun JIO63}I€BCK01"O TOX€ BBIIIOJHAKT-
Cs OIIPENEeJEHHBIE COOTHOIIEHUA MEX Iy DJIEMEHTaMU TPEyroJdbHuKA. lIporme
BCEr'o NMOJYyYINTH COOTHOINCHUA NJIA MPAMOYT'OJBHOI'O TPEYT'OJIBHUKA, IO3TOMY
C HEr'O MBI I HAYHEM.

Beanuunn yrmos Tpeyroasuuka ABC Gymem o6o3madath a,  u 7, a
[UIVHBL IIPOTUBOJIEXKAIINX UM CTOPOH Oyaem 0603Ha4IaTh A, b 1 C.

c
a=—
2

Teopema 4.1. B mpeyeosvnuke ¢ npaMbiM Y2a0Mm Y BbINOAKMOTNCS CALOY-
OUUE COOMHOULEHUA:

a) chc=chachb;

6) tha =shbtga.

HJokazaTeancTBo. a) Moxuo cuurars, yto A = ki (k> 1), B =cosyp+
2 2
ising u C = 4. Torma cha = _L, chd = Ehla u che = ﬁ
sin 2k 2ksin g
IMosTomy chachb = che.

Ilpu mauwix a, b u ¢ coornomenue chachbd = ch ¢ npespamaercs B coor-
somenne a2 + b% = ¢2. Takum 06pazom, coorromenue ch ach b = ch ¢ MoxHO
Ha3BaThb 2unepbosuueckot meopemot ITugazopa.

6) CuoBa 6ygem cuuratb, a0 A = ki (k > 1), B = cosp + ising u
C =i. Ilycts 29 — UEHTP €BKINIOBOU OKPYXKHOCTU, COIEPIKAIIEU TUMIEp-
Gommaeckyio mpsamyio AB. Torga z3 + k* = (cosp — x0)? + sin® g, . e.
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k? =1 — 2z cos . Jlerko npoeeputsb, ato /AzogO = a. TlosTomy

¢ a_i_chosap
8T o] T K21
2 2 1
Tak xak sh®t =ch“t—1ucha= —— , 10
sin
1 cosp\? 9 1+ K2\ k2 —1\7
h?a = —-1= h“ob=——-) -1=|——]) .
s sin? ¢ (singo) m sh™b ( 2k 2k
k2 -1 tha

CrepoBarenbHo, cosp = tha n =shb, a 3maunr, tga = —

2k shb’
Ilpu manex a m b 3T0 cOOTHOmEHWE npeBpamaeTcs B tga = a/b. O

M3 coornomenuut chec = chachb u tha = shbtga ¢ momomsio ToxgECTB
[ TPUTOHOMETPUYECKUX U TUIEPOOIAIECKUX (PYHKUMU MONKHO MOLYIUTH
apyrue cooTHOmeHus, Hanpumep, sha = shesina, thb = thecosa, cosa =
chasin g, ctgactg 8 = che. lpu Manwsix @, b u ¢ 5TU COOTHOIIEHUA TTPUHY-
MalT BUj a = csina, b = ccosa, ctgactgf =1, cosa = sin .

JJ1s1 IPOU3BOIBLHOIO TPEYTOJbHUKA B IUIEePOOIMIeCKON MreOMeTPUM CIIPar-
BeUIMBbI TEOPEMBI, aHAJOI'M'IHEBIE TeOpeMaM CHMHYCOB U KOCHUHYCOB B €BKJIN-
IOBOU TIAHUMETPUN.

Teopema 4.2. [Jas npouseoavbno20 Mpey2osbKuKe 6bINOAHAOMCA CAEIYI0-
wWue COOMHOUEHUA:
sha shb she
a) — = ——— ==
sina sinfg sinvy
6) cha = chbchec —shbshccosa (meopema xocunycos.)

(meopema cunycos);

HokazaTenbcTBo. Onyctum m3 Bepuuusl C neprnengukyasp CH ua nps-
myio AB. BygeMm misa ompeneseHHOCTH CUATATH, 9TO TOYKA H Jex)uT HA
orpeske AB (cay4an, korga Touka H aexut BHe oTpeska AB, paccMaTpu-
Baercs anaunoruduo). O6osuauum muuue orpeskoB CH, AH u BH wuepes h,
T ¥ C — X COOTBETCTBEHHO.

a) 3amumem coorHomenusa Buga sha = shesina gaa npaMoOyroabHBIX
tpeyroasaukos ACH u CBH. B pesyasrare noryaum shbsina = shh =

shasin 8. CregoBarensHo,
sha shb

sina  sinf’

30



6) 3amumem coorHomenusa Buaa chachb = che ama mpamoyrombuBIx
tpeyroasaukoB ACH w CBH. B pesyabrare noryaum chb = chzchh n
cha = ch(¢ — z)ch h. Crenosareasno, cha = (chechz — sheshz)chh =
chbche — chbshethz. Kpome Toro, thaz = thbcosa. O

Brisicuum Teneps, kak BeIraauT B Mogeau Ilyankape oxkpyxicnocmo, T. e.
MHOXECTBO TOYEK, PABHOYAAJEHHEIX OT naHHOM Touku. [lma monemu Ilyan-
Kape B BEPXHEU MOMYMIOCKOCTY TUMEPOOTTIeCcKas OKPYKHOCTE PAIAYCA T C
ueHTpoM (a, b) 3a1aeTCA ypaBHEHAEM

(@a—z)”+(b—y)?
2by ’

chr=1+

T. e. (x —a)® + (y — behr)? = b?(ch®r — 1). Takum o6pasom, B MOjgeIn
IIyankape B BepxHen HOLYILIOCKOCTY TUAIEPOOINIECKAs OKPYXKHOCTD PAINAY-
ca r ¢ uentpom (a, b) mpeacrasaseT COG0U EBKINAOBY OKPYKHOCTD DAIMYCA
bv/ch®r — 1 ¢ nentpom (a,bchr).

[Mns mogenu Ilyamkape B kpyre A runepbonudeckas OKPYXRHOCTb TO-
7K€ MPEeJCTABIIET COOOK €BKINIOBY OKPYKHOCTb, TaK KaK JPOOHO-INHEMHOE
npeobpa3oBaHue IEPEBOAUT OKPYKHOCTb B OKPYKHOCTD uin npsamyo. Ecin
LIEHTP rUnepOOINIECKON OKPYIKHOCTU COBMAAAET C LEHTPOM Kpyra A, To
€BKJUOB IEHTP 3TOU OKPYKHOCTU TOXKE COBMNALAET C IEHTPOM Kpyra A.
IMoxaxkeM, 9TO B TAKOU CUTYAIlUU €BKJIUIOB paauyc R v rumnepGoamdecKun
Paguyc r CBA3AHBEI COOTHOIICHUEM

1+R e"—1 r

ef=—— me R= =th(—)
1-R’ er+1 2

B camom gene, mycts O — uenTp kpyra A, X — ToUKa paccMaTpUBAEMOU

OokpyxHOCTH, A 1 B — TO4km B k0TOpEIX npsamas OX mepecekaeT rpaHuiLy

xpyra A. Torga
 (AX BON| | (14R
40 Bx)|T"\1-r)"

O6cynuM Tenepb, KaK M3MEPATD JJIVHEL KPUBBIX B TUIIEPOOIMIECKOU I'€0-
verpuu. [l onpeneneHus qIVHBI KPUBOU ¢ IIOMOIIBI0 NHTErPaia, Tpedyercs
IAEMENM, JAUHBL, T. €. PACCTOAHUE MEXKTY OECKOHEYHO OIU3KMMU TOIKAMU.
Ecan As — runepboandeckoe pacCTOIHIE MEX Y TOYKAMU z U 2 + Az Bepx-
HeU TOJYILIOCKOCTH, TO

r =

(As)®

A 2
ch(As)z1+2| 2| u ch(As)zl—FT.

(Im 2)?
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|Az| o ds |dz|  +/dz? + dy?

— T.e.ds= = .

Imz’ Im 2 Y

s mepexoga ot mogenu Ilyankape B BepxHen moaymiockoctu H k mo-

neau Ilyamkape B kpyre A MOXHO BOCHOIB30BATHCSA OTOOPAKEHUEM 2 +—
z—1

TMosTomy As =

w = D10 0TO6GpaXKeHUe MEPEBOAUT BEPXHIOK MHOILYILIOCKOCTH H B

Z+14
enuamaHBI KPyr A. HecrioxXHbIe BEIMUCIEHAS TOKA3BIBAIOT, 9TO
|dz| 2|dw|
Imz 1—|w?
Takum o6pazom, B Mogemn [lyankape B kpyre A paeMeHT rumepOoImde-

2

W. CaenoBarenbHo, runepOOIUIecKas [INHA €BKIUJOBOU OKPYKHO-
—|w

2
——— |. Hamo-
1- R?
MHUM, YTO T4 KPUBAA ABIAETCA TUMEPOOIUIECKON OKPYKHOCTHIO PAIUYCa,

ctu pajguyca R ¢ merTpom B mieTpe kKpyra A pasna 27 R (

o
r, rae 7 1 R cBasausr coornomenueMm R = th (5) IMosToMy nnuna rumep-

60IMIECKOU OKPYXKHOCTHU PAAUYCA T PABHA
47 th (£

72(2) = 2nmshr.

1—th* (%)

3ameuanue 1. [[nauHa runepOOIMYeCKOU OKPYKHOCTHU OOJBINE IIUHBI €B-
KIUJOBOU OKPYXHOCTU TOT'O XK€ PATUYCA, a AIUHA CHEPUIECKOU OKPYKHO-
CTU MEHBbIIIE.

3ameuanue 2. Teopemy CUHYCOB BO BCEX TPEX I'€OMETPUAX MOXKHO CHOp-
MYJUPOBATH OJVHAKOBO, & UMEHHO:

l{a) _ 1) _ Ko

. s = - >
sina  sinf  siny

rae l(r) — miuHa OKPYXKHOCTH PAIAYyCa T

[Lromane ¢hepuIecKoro TPEyroOIbHUKA, MOXKHO BENMHUCANTE IO (hOPMYJIe
S = R*(a+ B+~ — ). lIpu 3amene R Ha ic moxy<aum GOPMyILy IS IIOMA-
U TPeyroTbHUKA B rumepbommdeckon reomerpun: S = c2(m —a — B — 7).
OTHU PACCYXKJCHUA MOXKHO TPEBPATUTD B MOJHOE JOKA3aTeIbLCTBO, IPUMECHUB
TEopeMy O TOM, U4TO ABE aHAIUTHYeCKue (byHKIUM, COBIIAIAIOMUE IPU BCEX
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BeEIIECTBEHHBIX BHa‘IeHI/IﬂX7 JOMXKHBI COBIIaAaTh U npu BCEX YMCTO MHUMBIX
3HaYeHUAX. Hac Takou myTh HOKA3ATEILCTBA HE YCTPAUBAET, HO BCE XKE U3
ATUX PACCYXKACHUU MOXKHO U3BICIb HEKOTOPYIO MOab3y. Hampumep, OHU 1O-
3BOJIAIOT IPEANOIOKUTD, 9TO BeanduHa § = 7 — (a+[++y) nponopuuoHaibHa,
IO A TUIEPOOINIECKOr0 TPeyroabHuKa. Haszosem o1y Beauwduny dedex-
MOM TUNIEPOOIMIECKOr0 TPEYTOJbHIKA. BHITyKJIBIN 7-yTOJBHAK MOXKHO Pa3-
pPe3aTh IMATOHAJIAMU HA 1 — 2 TPEYrOAbHUKA. JIerKo ybeanTeCsa, 9T0 CyMMa
nx nedexToB pasHa (N — 2)T — Y, A€ Qf,...,Q&, — YDJIB N-yTOILHAKA.
Hazosem dedexmom runepOOIAIECKOrO N-yroJbHUKY, C YIVIAMEA Q.. -, Qp
BeauauHy 0 = (n — 2)m — Yq; IpU DTOM N-yTOJBHUK He 00A3ATENbHO Bbl-
mykasil. BmecTo BHyTpeHHUX yIvOB «; yAOOHEe PacCMaTpPUBATHL BHEIIHIE
YIVIEL @) = T — ;. [leno B TOM, 9TO 0eeKT MHOIOYTOJBHUKA C BHEIIHIMU
yraamu o paser (Xaj) — 27.

Jlerxo mpoBepuTh, 9TO AedeKT 061a03eT CICAYIOMUAMA CBOUCTBAMU:

1) JedexT 106000 MHOTOYTOMBHUKS MOJOKATENEH.

2) Ecan muoroyromsuuku M; u M, paeret, o 6(M1) = 6(Ms).

3) Ecim muOroyronsuauk M paspesan Ha MHOrOyroasuuku M; u Ma, To
0(M) = §(My) + 6(Ma).

ILromane MHOrOYrOMBHUKA, €CTECTBEHHO ONPENeIuTh KAK (GPYHKUIMIO HA
MHOXECTBE MHOIOYI'OJbHUAKOB, 0013 naromyto ceouctsamu 1)-3). Moxuo go-
Ka3aThb, YTO CBOUCTBA 1)-3) OnpeaensnT QyHKIUO Ha MHOI'OYTOJILHUAKAX C
TOYHOCTBIO [0 TPOMOPIMOHATBHOCTY (MBI 3TO JI0Ka3bIBaTh He Oyaem). Ilo-
2TOMY Ae(eKT MHOIOYTOJbHUKA C TOYHOCTBIO 10 MPONOPUUOHAILHOCTH Pa-
BeH ero mwiomaau. [luas onpegenenus KO3pPUIMEHTA TPONOPUUOHAILHOCTH K
MOXKHO BOCIOIB30BATHCA TE€M, UTO IPU MAILIX ¢ U b IIIOWA b OIPAMOYTOIb-
HOI'0O TPEYTOJBbHUKA C KATETAMU @ ¥ b NOMXKHA OBITh IPUOIU3UTEILHO PDABHA,
ab/2. [ns TaKOro TPeyroabHNIKA

thathb shashb _

sind = cos(a + B) =

th%¢ sh?¢
shashb ab a>+b ab
=, RedbNEG =y

IMosTomy k = 1. HanomMHuM, 9TO MBI YCIOBIINCH CINTATH HAapPaAMeTpP C PaB-
HeM 1. YTOOLL HE IyTAaTL HTOT MAPAMETP C IJIMHOU I'UIIOTEHY3bI, BPEMEHHO

. ab
0603namuMm ero r. Torga sind = 22 MosTomy B 06mewm cayuae k = r2.
r

[pyron moaxom K OMpemeNeHuo TIoMaIu GUrypsl B runepboImdeckon
TeOMeTPpUY 3aKJII0YAEeTCA B pa3bueHnyu GUTrypsl HA O€CKOHEYHO MaJble MIPs-
moyrouabauku. [logpobuee >TOT MOAX0A MBI OOCYAUM HA, CEMUHAPE.
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3apauu

1. a) JlokasaTb, 9To coorHOmeHne e “/¢ = tg(a/2) SKBUBAICHTHO COOT-
ay . a a

HomleHusM ch (Z) sina =1, sh (E) tga=1uth (Z) = cosa.

6) Jlokasars cooTHOmerne e~ */¢ = tg(a/2), MCmoab3ya ONHY M3 MOfeTen
ITyaukape.

2. ﬂOKaBaTB, YTO CTOPOHEL 1 YIVIBI TPEYI'OJBHUKA CBA3AHBI CJACIYIOIMUMN
COOTHOIIECHUSIMM:

a) chasin B = chbsinacosy + cos asin~y;

6) cha = cos oz.+ co.sﬂcos'y‘

sin B siny

3. B mogenu Knenna cTopoHa rumepOOIndecKoro yria NPOXOAUT depes
menTp kpyra A. [okasaTh, 9TO €Cau 3TOT Yrol OCTPHIA, TO €r0 BeIUYUHA
MEHBIIIE BEJINYINHBEI COOTBETCTBYIOIIEI'O €BKJINTOBA YIVIA.

4. Toka3aTh, 9YTO TPEYI'OJIbHUK U KPYTI — BHILYKJLIE (PUTYDPHL.

5. [lokasaThb, 9TO €CIu COOTBETCTBEHHEIE YIVILI BYX TPEYTOJbHUKOB PaB-
HBI, TO PABHBEI 1 CaMU TPEYI'OJbHUKMN.

6. Joxasarp,9T0 OPTOrOHAILHAS HPOEKUUs OLHOM U3 CTOPOH OCTPOrO
yIVIa Ha APYCYH CTOPOHY IIPEACTABAAECT COOO0N OrPAHMYIEHHOE MHOXKECTBO.

7. [M0oKa3aTh,9TO CTOPOHBI M YIVIBI TPEYTOJBHUKA C IPSMEIM YIVIOM 7Y
CBS3aHEL crenyiomumu cooTHomenusmu: sha = shesina, thd = thecosa,

ctgactg B = che, cosa = chasin .
(n—2)m .
8. a) MlokasaTb, 9TO mpu @ < -——— CYIECTBYyeT NPABUILHEI 7i-
YT OJBHUK, BCE YIVIBI KOTOPOI'O PABHEI (@ I BCE€ CTOPOHBI KOTOPOI'O PABHHI.
6) JokazaTb, 9TO €CIu @ U * — CTOPOHA U PAAUYC BIMCAHHOU OKPYXKHO-
CTH IIPABUJIBHOI'O N-yI'OJBHUKA C YIVIOM &, TO

cos 5 a Ccos %
chr = ——=, ch- = —2.
sin 2 gin &
n 2
. 27
B) Ilpw xaxkmx 1 CymecTByeT NPABUILHBINA 7-YCOJBHUK C YTIOM (0 = —
n

(T. e. ¢ cymmon yrios 2m)?
9. Tpu yrua 9eTHIPEXyrOJAbHUKA PABHEL 7/2, & YeTBEPTHIM yrOl PABEH 7.
Hantu 7, ecin n3BeCTHH AIUHLL @ U b CTOPOH, COEIUHSIONMX IPSIMbIE YIVIBL.

10. JoxazaTk, 9YTO €Cau w = - Z_, TO
z+1
|dz|  2|dw]

Imz  1—|w|?
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11. JokazaTsb, 9T0 B Mogenu KienHa 2IeMEHT NIWHBI UMEET BU

2 _ dz? + dy? — (zdy — ydz)?
1 — a2 _42)

ds

12. a) Joxasars, 94T0 B Mogeasx Ilyankape B BEpXHEU MOJLYILIOCKOCTH U

B €IVHUYHOM Kpyre ILIOMaIb 0€CKOHEYHO MAJIOr0 IPAMOYI'OJIBHUKA CO CTO-

dxdy dxdy
POHAMM, TTAPALIENBHEIMA OCAM KOOPAMHAT, PABHA ——— U 5 5y €O~
y 1— (2% +9?)

OTBETCTBEHHO.

6) Paccmorpum B Mogenun KieliHa GeCKOHEYHO MAJbI MPAMOYTOJIbHUK,
00pa30BaHHEIU JUHUAMEA p = COnst, ¢ = const, rae p, p — MOAAPHEIE KOOP-
quHATHL. [[0Ka3aTh, 9TO MIUHLI €I'0 CTOPOH PABHEL

dp pdp
1—p2 /1= p2

r
13. lokazaTb, 9TO IIOMALL KPyra pajuyca r pasra 47 sh? (5)

14. a) TokasaTb, YTO NEPIEH JUKYJIAD, BOCCTABICHHEIN U3 CEPEAUHEL CTO-

pousr AB Tpeyronbauka ABC, nepneHguKyIapeH OPAMOU, COEIUuHSIOMEN
cepeaunsl cropor AC u BC.

6) Oycts X — X' — wmsomerpudnoe oTobpakeHVe OLHOU IPAMOU HA
apyrywo. [okazars, 9To cepemunsl orpeskos X X' mubo cosnanaroT, mubo
JIEXKAT HA OJHOU NPAMOMU.

15. JokasaTe, 9TO B OQHOU TOYUKE NMEPECEKAOTCA a) OGHCCEKTPUCH TPEy-
TOJBHUKA; () MEIUAHEI TPEYTOJIBHUKA; B) BEICOTEL OCTPOYTOIBHOIO TPEyTO-
JILHUKA.

Bcerga ju MeguaHBL OEJSTCS TOYKOM MEPECEYEHUs B OTHOM U TOM K€
OTHOIIEHUN !

16. (Teopema Menenas) Ilpavasn [ nepecekaer cropoust BC, CA u AB
Tpeyroasuuka ABC B Toukax A, By u Cy. [JoxasaTs, 9TO

sh ACl sh BA1 sh CBl

: : =1.
sh ClB sh AlC sh BlA

17. (Teopema Yesrr) Ha croponax BC, CA u AB tpeyronsauka ABC
B3aTer Touku Ay, By m C;. [okaszaTrb, ato orpesku AA;, BBy u CC,
MEePECEKAIOTCA B OJHOM TOYKE TOTAA M TOJBKO TOT/A, KOTAA BHEINOJIHAETCA
OJIHO U3 CJEAYIOMUX DKBUBAJEHTHLIX COOTHOIICHUN:

)sinACC1 sin BAA; sinCBB; Y
& §nC,CB sinA,AC sinB,BA
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shAC; shBA; shCB;

. . =1.
sh ClB sh AlC sh BlA
a+b+c

B sagadax 18-21 p = , d=m—(a+B+n).

18. MokazaTb,49TO

sh(p — b)sh(p — ¢) cos?

_ shpsh(p—a)
shbshe ’ )

@
2 shbshe

sin?a =

19. TokazaTb, 9TO
_ /shpsh(p —a)sh(p—b)sh(p —c)
= ) :
5 ch 3 ch Ebch 5
2 bp.p—a . p— p—-c¢
— =th=th h h .
6) tg” § = th g th ™o th = th =
20. IIycTs r — paauyc BOUCAHHOU OKPYXKHOCTU TPEyroJbHuKa. Joka-
3aTh, 9TO

)
2sin —
a) 2sin 5

thr — sh(p — a)sh(p — b)sh(p — ¢)
"= shp

21. llycts R — paamyc ONUCAHHOM OKPYXKHOCTH TPEYTOMLHUKS, (€Cau OHa,
cymectsyer). [Jokasars, 94T0

sin d
thk = 5 3 5
sin(a + 5)sin(8 + 5)sin(y + §)

b
25h%sh§Sh§

~ /shpsh(p —a)sh(p _b)sh(p o)

22. 3ammcaTh IWIOMALL TPEYTOJIbHUAKA C HYJEBEIMU YIVIAME B BILIE ABOU-
HOI'O MHTErpaJa, UCHoAb3ys MOLenb Ilyankape B BEpXHE! MOLYILIOCKOCTH.

5. Tpu Tna co6CTBEHHBIX ABUXEHUN MIOCKOCTH
Jlobauerckoro

[ust reomerpun JIO6aIEBCKOrO MOXHO I0KA3aTh CJAEAYIOILYIO TEOPEMY,
aHagoruuHyo Teopeme 1.2 (a) mis cdepudeckon reOMeTpUm.
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Teopema 5.1. Jwboe dsuscenue naockocmu Jobauwesckoz2o moxcno npeo-
cmasumy 8 8ude KOMNOZUYUYU He 6oaee wem MPeT CuMMEMPUl OMHOCUMEAL-
HO NPAMBIT.

JokazaTeancTBo. HanoMHUM OCHOBHYIO M€ JOKA3aTEILCTBA 3TOU TEO-
DPEMEL B cay4ae cheprudeckon reomerpun. 1lycTs g — HEKOTOpas M30MeTPHS,
npuuem g(A) = B # A. PaccMOTpUM CUMMETDHUIO § OTHOCUTENIBHO IPAMOU
!l = {X|AX = BX}. Torga sg(A) = A. Kpowme Toro, ecmu g(Y) =Y, 10
Y €, asuauur, sg(Y) =Y. Hosromy usomerpus sg uMeeT 1o KpaiHen Me-
P€ OJHy NOIOIHUTEIbHYI0 HEMOABUXKHYIO TOUKY IO CpaBHeHu:w ¢ g. [Ipume-
HUB TAKyI0 KOHCTPYKIUIO HE 60Jee TPEX Pas, MOKHO NOCTPOUTH U3OMETPHUIO,
VMEIOIIYI0 TPU HEMOJBUXKHEIC TOIKM, HE JEXKAIUE HA, OJHOU MPAMOMN.

ITy CXeMy [OOKAa3aTeJbCTBA MOXXHO IPUMEHUTH U B CAy4dae IeOMeTpuu
Jlobauesckoro. Ho qist 5TOr0 Hy>XHO OTBETUTH HA CJAEAYIOIIE BOIPOCHL:

1) Ilouemy MHOXECTBO TOYEK, PABHOYAAJEHHBIX OT ABYX NAHHBIX TOYEK,
IPEeACTABIAET COOOU rUIePOOINIECKYIO IPAMYIO?

2) YTo Takoe «CMMMETPU OTHOCUTEIBHO IPAMOIY B CIy9ae rumepOoan-
9eCKOU reoMeTpun’

3) Ilouemy gBMXKEHME TUHIEPOOIUICCKON WIOCKOCTY, UMEIOIIEe TPU HETIO-
IBUXKHEIE TOYKM, HE JIEXKAIINE HA, OJHOU IPAMOU, TOXKISCTBEHHO?

OTBeTUM HA 3T BOIPOCHL HOCAELOBATEILHO.

1) MoxHO cuMTaTh, UTO JAHHEE TOUKA UMET Buf ia,ib (a,b € R).
Torga MHOXECTBO To4YeK (r,y) € H, paBHOyIAJeHHLIX OT HUX, 34,1a€TCA

ypaBHEHUEM
?+(a—y)? 2+ (b-y)?

ay by

’

T. e. 12 + y* = ab.

2) Hazosem Touku A u A* cummempuunvimy (AIA UKBEPCHBIMY) OTHOCH-
TEIBHO OKPYKHOCTH S, ecau Jr0bas OKPYKHOCTh, TIPOXOJAMIAA YePe3 TOUKN
A un A*, oproronanbua okpyxHOcTH S. B TOM ciyuae, korga S — mpamas,
DTO ONPEIETEHUE TOXKE UMEET CMBICI; OHO DKBUBAJIEHTHO OOBLIYHOMY OIpese-
JICHUIO CUMMETPUY OTHOCHATENLHO MTPAMOHU.

TlonsTHe CUMMETPUYIHOCTH ABYX TOYEK OTHOCUTEILHO OKPYXKHOCTH CO-
XPaHACTCA NP APOOHO-IMHENHEIX NPE0OPa30BAHUAX.

MoxuO npoBepuTb, 9TO TOUkn A m A* CHMMETPHYIHEI OTHOCHTEIBLHO
OKPYXHOCTH S TOrJA U TOJBKO TOrja, korjga ayuun OA u OA* coBnanaor u
OA-0OA* = R?, rae R — pajuyc OKpyKHOCTE S.

Hazosem Touku A u A* cummempuunbimu OTHOCUTEILHO TUIEPOOITIES-
CKOU mpsAMOu B Mogeau IlyaHkape, €Cu OHU CAMMETPUYHLI OTHOCUTEILHO
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€BKJMIOBOU OKPYXHOCTH, CONEPNKAIIEN 3Ty npamyl. B Tom caydae, korga
runep6OITIeCKaa TPAMAS ABIACTCA YACTHIO0 €BKIU JOBOU MTPAMOMN, JIETKO TTPO-
BEPUTH, 9TO TOYKHU, CUMMETPUIHBIE OTHOCUTEILHO MPAMOUN, PABHOY JATCHBI
or Hee. Kpome TOro, cuMMeTpus OTHOCUTEIBHO MUNEPOOIMIeCKON TPAMOU
SABIAETCA M30OMETPUEH.

3) Ha TpeTwmit BOIPOC MBI JANUM TOAPOOHBIA OTBET, & MMEHHO, OIAIIEM
BCE BO3MOXKHEIE MHOXECTBA HEIlOIBUXKHBIX TOYEK TBUXKEHUN iockocTu Jlo-
6agesckoro. Coruacuo Teopeme 3.1 HyXHO pacCMOTPETH IBA TUIA ABUXKE-

HU.
a(—z)+b
c(—2z)+d
—czZ+dz+az—b=0,

a) YpaBrenue z = IIPUBOJUTCS K BULY

—c(z* +y*)+dr+ax—b=0, dy—ay=0.

IIpu a # d nocreanee ypaBHeHue mmeeT equHCTBeHHOE pemienve y = (0. B

TakoM cayuae z € H. Eciu xe a = d, TO MHOXXECTBOM HETO IBUKHEIX TOYEK
a\2 o ad-—bc

ABNAETCA TUnepbonmieckas npamaa (¢ — — | +y = —5—.
c c

6) YpaBHeHue z = aABaseTcsa kBaaparHeiM. OHO UMeeT KOPHU

a—d=++/(d—a)?+4bc
2c '

az+b
cz+d

21,2 =
MoxHno cunTars, uT0 ad — bc = 1. B Takom caydae
D =(d—a)®>+4bc = (a +d)* — 4.

ITosTomy
D =0 < |a +d| =2 (napaboauuecroe npuxenue),
D >0 <= |a+d| > 2 (eunepboauuecxoe nBUKEHNE),
D <0 <= |a+d| <2 (sasunmuueckoe JBIKEHUE).
az+b
HeHOII[BI/I)KHbIe TOYKHN HpeOﬁp%OBaHHH z = —d B 3aBUCUMOCTHU OT

cz +
3Haxka D BHINIALAT Tak, KaK MOKA3aHO HA puc. 12. OTMmeruM, 4TO JUIb B

crygae D < 0 onHa 13 HEMOABUKHEBIX TOYEK ABJSAETCS HEIO IBUAKHOU TOYKOU
IBIKEHUA IIOCKOCTH JloHadeBckoro. Bce ocrajibHbIe HEOABUXKHEIX TOYKU
JIeXAT BHE BEpPXHEU moaymiockocTu H.

Meu1 oTBeTIWIN HA BCE TPU BOIPOCA. TeM CaMBIM, JOKA3aTEILCTBO TEOPe-
Ml 5.1 3aBepieno. O
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D=0 D>0 D <0

Puc. 12

O6cyaum 6omee mOgPOOHO COOCTBEHHBIE NBUKEHUA IIOCKOCTU JloHaues-
ckoro. CoOCTBEHHOE NBUXEHWE MOXKHO TPEJCTABUTL B BUIE KOMIIO3UIIUU
OBYX CUMMETPUU OTHOCUTEILHO MPAMBIX. B miockoctu Jlo6adeBckoro ma-
DBL IPAMEIX OBIBAIOT TPEX TUIIOB: NAPa/LIeJbHEIE, He IepeCceKaronmecs (1 He
NapaLIeIbHEIE) U TePECeKAIomueca. [l0KaxeM, 9T0 KOMIO3UIMYA CUMMETPUN
OTHOCHTENBHO TAKUX NAP MPAMBIX NPEACTABIAIOT COOON COOTBETCTBEHHO M-
pabonuyeckue, rurnepOboInIeCKue 1 DU TAYECKAE IBUXKEHUA.

TIpex e BCEro BHIACHUM, K KAKOMY MPOCTEUIIIEMY BUIY MOXHO TIPUBECTA
napy NPAMEIX C TIOMOIIBIO [BAXKEHUA.

1. [as mapsl mepeCceKaromuXCs MIPAMEIX YI00HO BOCIIOAB30BATHCSI MOJe-
abto [lyankape B kpyre. MoXHO CUMTATh, 9TO HEHTP KPYra ABALETCA TOIKOU
nepecedeHus MpsAMEIX. 10rga paccMaTpuBaeMble NpAMBIE OyIyT AXAMETPA-
Mu Kpyra. KoMmosumus cuMMeTpur OTHOCUTEIBHO HUX — IIOBOPOT BOKPYT
HEeHTPA. DTO IPeobPA3OBAHIE UMEET BUL 2 — e¥2.

2. [lns naphl HapalIeIbHBIX IPAMBIX YA00HO BOCIOIB30BATHCA MOAEIHIO
ITyankape B BepXHEU MOIYILIOCKOCTU. IIpU 3TOM MOXHO CUMTATH, YTO TIPA-
MBIE CXOOATCA K TOYKE OO, T. €. OHU ABIAIOTCA JyIaMU, MAPaLICILHEIMU
ocu Oy. KoMnoaumnusa cuMMeTpUU OTHOCUTEIBHO DTUX MPAMBIX UMEET BU[
z+— z+h.

3. He mepecexarmommecs 1 He MAPALICILHEE NPAMEIE OyAIeM HA3BIBATD
PACTOOAWUMUCA WA CEEPINAPAALEALHbIMY. [IOKaXKeM CHAaYama, ITO PACXO-
asuecs npsamele [y u ly uvetor o6y neprnes qukyasap m. O6parumcs mis
aroro K mojenu Ilyankape B BepxHen moaymwiockocTu. MOXHO CIuTaTh, YT0
npavas [y asaserca aydaom Oy (puc. 13). IIposegem us Touku O xacarenb-
Hy10 OA K eBKINIOBOM OKPYXKHOCTH, CONEPIKAIIEN TUMEPOOIMIECKYIO TIPA-
Myt [5. Jlerko mpoBepuTh, YTO rUMepO6OMUIECKAs TPAMAS 171, COOTBETCTBYIO-
Ias eBKINI0BOM OKpykHOCTH paguyca OA ¢ uentpom O, mepHeHIUKYIAPHA,
npameM [ u ly.
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Tpsavyio m moxuo nepesectu B ayd Qy. Toraa npawvere I u lo mepengyT
B noxyokpyxuocTu ¢ nearpom O (puc. 14). KoMnosuiua uHBEpCUl OTHOCH-
TEIBHO OKPYKHOCTEHU, CONepKAIMX uxX, umeer Bufg 2 — kz, k> 0.

Puc. 13 Puc. 14

COGCTBeHHoe rZ[BI/I)KGHI/IQ MOXHO HperZ[CTaBI/ITI) B BI/Irqe KOMIIO3UMIIuM CUM-
METpUU OTHOCUTENBHO NPAMEIX [1 ¥ 3 MEHOruMu pasHbmMm ciocobamm. s
(PUKCUPOBAHHOI'O COOCTBEHHOI'O ABVMKEHUS PACCMOTPUM MHOXKECTBO BCEX CO-
OTBETCTBYIOIUX eMy TpAMEIX [;. HazoBeM 3TO MHOXECTBO NYuKoM NPAMBIL.
B COOTBETCTBUU C TUIIOM IBUXEHUSA Hy‘{OK IPAMBIX HAa30BEM IA4AUNTNUYE-
CKUM, NAPAOOAUYECKUM WIA 2UNePboAUNECKUM. DIIANTUICCKAN YI0K CO-
CTOUT U3 MPSIMBIX, IPOXOAAIINX Yepe3 (PUKCUPOBAHHYIO TOYKY; Hapaboaue-
CKUII Iy90K COCTOUT M3 MOMAPHO NAPAIEILHEX OPAMEIX (T. €. I3 IPAMEIX,
IPOXOAALMX Yepe3 PUKCUPOBAHHYI0 OECKOHEUHO yAAIEHHYIO TOUKY); [UIIED-
OOJIMYECKUN IIyYOK COCTOUT M3 NPAMEIX, OPTOTOHAIBHEIX (QUKCAPOBAHHOU
TIPAMOMN.

Puc. 15

C KaX LM IyYKOM TIPAMBIX MOXKHO CBA3ATH CEMEUCTBO KPUBEIX, OPTOT0-
HAJIBHBIX BCEM MPAMBIM IIYYKA. JTO CEMEUCTBO KPUBLIX MOJIYYACTCA CAELY-
oM o6pazoM. PaccmoTpum Bee ABMXEHUS ¢, KOTOPHIE SBISIOTCSI KOMIIO-
SULUAMYA CUMMETPUN OTHOCUTEILHO AP NPIMBIX JAHHOIO IMy4dKka. Bosbmem
NPOM3BOIBHYI0 TOUKY A miockoctu JI06aYeBCKOro U PaCCMOTPUM MHOXKE-
ctBO Beex Tovek Buaa g(A). Ha puc. 15 m306paxkeHsl MOIyIeHHBIE KPUBLIE
[UISL BCEX TPEX TUIIOB IIy9YKOB HPAMBIX (IPU DTOM HA CAMUX NPAMEIX IIy9IKa
HAPUCOBAHLL CTPeaku). [JIs D/UIMIITUYECKOro IMy9YKa WCIOIb30BAaHa, MOLEIb
ITyankape B Kpyre, 1Jsa IBYX IPYTUX MyYKOB — MOJeTh [lyankape B BepxHuen
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HOJIyHJIOCKOCTI/I.

B caygae smmmnTudeckoro myvka KPUBBIME, OPTOIOHAJIBHBIMU IPSIMBIM
nydvka, SBIAIOTCA OKpyx)HOCTH. OpTroroHanbHbIe KpuBBIE s Hapabosm-
YECKOr'0 IyYKa HA3EIBAIOT OPUUYUKAGMY AIA NPEIesbHulml, 0KPYHCHOCTNAMU.
Bropoe u3 »>Tux Ha3zBAHUU CBA3aHO C TE€M, YTO DTU KPUBLIE MOIYIAIOTCA
npu GECKOHEIHOM YBEJIWYEHWH PANUYCa OKPYXKHOCTHU, KACAIOMENCA TAHHON
npsAMON B AaHHOU TO4YKe. OpPTOrOHANLHEIE KPUBHIE NS CANEPOOIUIECKOTO
My9KA HABBIBAIOT 2UNEPUUKAGMU WU IKBuducmanmamy. BTopoe HazBanme
CBA33HO C TeM, 9TO BCE TOYKY DKBUIUCTAHTEL HAXOIATCA HA, OMTHOM U TOM XK€
PACCTOSAHUM OT MPAMOK, KOTOPAs OPTOrOHAIBHA MPAMEIM JaHHOTO rUnepbo-
JMYECKOTO IIy4Ka OPAMEBIX. OOBIMHO SKBUAUCTAHTON (TUIIEPLUUKIOM) HA3bI-
BAIOT MHOXECTBO TOYEK, PABHOYIANEHHEIX OT JAHHOU MPAMOW; DTa KPUBAA
COCTOUT U3 IBYX BETBEU CUMMETPUYHEIX OTHOCUTEIBHO HAHHOU TIPAMOMN.

BriicuuM Temepb, Kak yCTPOEHHI COOCTBEHHBLIE [BUKEHUA IS MOIEIA
reoMeTpun JI00a4EBCKOrO HA, BEPXHEU MOJOCTU ABYIOJIOCTHOTO TUIEPGOJIO-
una [z,z] = —c?, rae [z,z] = 2} + 23 — 2%. Ilpexnae Bcero ormerum, 4TO
11060€ IMHETHOE TPEO6PA30OBAHNE, COXPAHAIOIIEE IICEB N0CKANLAPHOE IPOU3BE-
neHue [z,y] u He MEHSomee MeCTAMU BEPXHIOK U HYXKHIOK IOJOCTH CHIED-
6osonfa, MHAYIUPYIOT ABMXKEHUE IOCKoCcTH JI06a1eBCKOro.

JIz06yr0 IIOCKOCTH MOXKHO 3a1aTh YPAaBHEHUEM [T, a] = p, rae a — buk-
CUPOBAHHEIA BEKTOD, p — uKcupoBanHoe yuciao. OmpemenuMm cummempuio
OTHOCUTENBHO IIOCKOCTH [z,a] = 0 caegyomum o6pazoM. Ilomoxum z —
' = 1 + Aa, rOe YMCIO0 A TAKOBO, YTO BEKTOP T + I’ JEXUT B ILIOCKOCTHU
cumMeTpun, T. e. [z + z’,a] = 0. B pesyapTaTe momydmM oToOpaKeHne

[z, 4]
[a,a]

T—x—2

DTO ompefeneHne UMeeT CMEICI Ipu [a,a] # 0.

IliockocTy, KacaTenbHEE K KOHYCY [z,z] = 0, 3aa0TCs ypaBHEHUIMNA
Buja [z,a] = 0, rge [a,a] = 0. VIMEHHO OTHOCUTEILHO DTUX ILIOCKOCTEHN CUM-
MeTpUS He OTpeneneHa. Bee OCTATbHEIE IIOCKOCTH, TPOXOIAIAE Yepe3 Hada -
JI0 KOOPAMHAT, MO0 TepeceKaoT ABYHNONOCTHLIN runepborous [z,x] = —c?,
aub0 He IEPECEKAIOT ero U NP DTOM He KaCAITCA KOHyca [z, z] = 0. Ipsa-
MEIM TIOCKOCTH JIOGA9MEBCKOTO COOTBETCTBYIOT JUINL ILIOCKOCTH HEPBOTO
tuna. CuMMETpPUM OTHOCATEIBLHO DTHUX IVIOCKOCTEH HE MEPECTABAAIOT MOJIO-
cTu runep6oIou1a, TAK KAK TOYKM NePECeIeHNA IOCKOCTY U TUNep60/0u,1a
OCTAIOTCA HENOIBUKHBIMIA.

HecnoxHble BEIMUCIEHNS MOKA3BIBAIOT, YTO NPH [a,a] # 0 cummerpus

OTHOCHTEIBHO INIOCKOCTH [Z, a] = 0 cOXpaHseT NCeBIOCKAIIPHOE IPOU3BeIe-
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HEE, T. €. ecm & — =’ my — y', To [x,y] = [2',y']. Takum obpazom, cum-
METPUA OTHOCUTEIHHO TLUIOCKOCTH, TIEPECEKAOMEN runepOoaounm, COOTBET-
CTBYET CUMMETPUM OTHOCUTEIBHO IPAMON B IIOCKOCTH Jlo6agesckoro. Cob-
CTBEHHOE JBMIKEHUE MIOCKOCTH JIOGAIEBCKOr0, COOTBETCTBYIOIMEE KOMIO3U-
U CUMMETPUU OTHOCUTEIBLHO MAPHI IMIOCKOCTeN, OYAeT DILIANTUIECKUM,
Hapa60JII/I‘IeCKI/IM nJjan FI/IHep6OJII/I‘{eCKI/IM B 3aBAUCMMOCTH OT DPACIIOIOXKEHUA
IPAMOY [IEPECEIEHNUS IIOCKOCTEN (COOTBETCTBEHHO: NPAMASA HEPECEKAET T~
nep6oIon I, IPAMAS IPUHANIEKUT KOHYCY, IPAMAS JEXKAT BHE KOHYCA).

Iycte miockoctu [z,a1] = 0 u [z, a2] = 0 nepecekaoTCsa MO IPSIMOU, CO-
nepxkamner BekTop b, T. e. [b,a1] = [b, az] = 0. Torga mrockocts [z, b] = p me-
pexonuT B cebs NPy CUMMETPUAX OTHOCUTEILHO dTUX ILIOCKOCTen. B camom
nefe, IpyU TaKUX CUMMETPUAX BEKTOP & IMEPEXOMUT B BEKTOp &' = T + Aaj,
a 3HauuT, [z’,b] = [z,b]. CregoBaTenbHO, KOMIO3UIUSA CUMMETDPHUI OTHOCH-
TeNbHO IUIOCKOCTeN [2,a1] = 0 u [z, az2] = 0 mepeBoguT IWIOCKOCTD [2,b] = p
B ceOsg. IJTO 03HAYAET, YTO OKPYKHOCTDH, OPUIUKJ U TUINEPIUKI MPEICTA-
BIAIOT COOOM CedeHme TunepOoIona IIOCKOCTHIO [Z,b] = p, roe BekTOp b
COOTBETCTBEHHO JIEXUT BHYTPU KOHYCA, IPUHAMICKNUT KOHYCY, JEXKUAT BHE
KOHyCA.

3apauu

1. MlokazaTk, 970 TOUkM A 1 A* CUMMETPUIHBEI OTHOCATEILHO OKPYKHO-
cru paguyca R ¢ nearpom O Torga u Toapko Torga, korga ayuun OA u OA*
coemagaor u OA x OA* = R?

2. Ouucarb, KAK BEIVIAIUT JLUIUITUYECKOE MBUXKEHUE B Mogenu Ilyanka-
pP€ B BepXHEU MOIYIIOCKOCTH.

3. MokazaTsb, 9TO J100YI0 Napy NaPALIEIbHBIX MIPAMEIX MOXHO IBUXEHU-
€M TIePEBECTH B JIOOYI0 APYTYIO Mapy MapaielbHbIX MPAMEX.

4. a) [JokazaThb, 9TO ABE NPAMbIE, UMEIOIIE OOIIUI IEPIICH MUKYJIAD, ABJIA-
IOTCS PACXOAILMMUCS.

6) JokazaTb, 9TO OO IEPIIEH AUKYJIAD K ABYM IPAMBIM €IAHCTBEH.

5. lokazaTk, uTo B Mogeau [lyankape B BepXHEU MOIYILIOCKOCTU KOMIIO-
3UILUA CAMMETPUN OTHOCUTEIBHO [BYX MAPALIEIbHEIX MPAMBIX, CXOIAMMXCSA
K TO4YKE D € R, uMeeT BUL 2 — W, I'ae
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6. JokazaTs, aTo B Mo aeau Kaenna 10601 my 90K MPAMEIX COOTBETCTBYET
CEMEUCTBY €BKJMIOBBLIX TPAMEBIX, MMEIOMUX OOIIYI0 TOYKY (JEXKAIIYI0 BHY-
TpU, HA TPAHULIE UIU BHE KPYTa).

7. [lokazaTb, YTO BCE OPUIMKILI IONAPHO KOHI'DYIHTHEI.

8. IIycte Cy u Cy — aBe KpUBBIE, OPTOTOHAILHEIE IPIMEIM OJHOI'O Iy YKA.

a) JlokasaTob, 9TO BCE MPAMEIE IIy9Ka ABIATCA OCAMA CUMMETDUM KDH-
BOH Cl.

6) [JoxaszaTb, 9TO CymecTByeT aBumkeHwe, nepesogsamee C B ce6s u npu
2TOM mepeBoaiee a0y Touky A € C] B molyio gpyryo touky B € Cf.

B) Joxasars, 9To Bce TOUKM KpuBou (| HAXOIATCS HA OJHOM U TOM XK€
paccrosauu ot kpusou C.

9. a) /lokazaTb, 4TO JIOOLIE TPU TOYKU IIOCKOCTU JI06aYeBCKOr0 Tpu-
HAIEXAT JUOO0 OMHOU OKPYKHOCTH, JUGO OJHOMY OPUIUKILY, JUOO OJTHOMY
TUNEPIUKIY.

6) JoxaszaTb, 9TO CEPEIUHHBIE EPIEHAUKY/IAPE K CTOPOHAM TPEYTOlb-
HUKa, [IPUHALIEKAT OHOMY YUKy HIPAMBIX. OO0S3aTEIbHO JM DTOT IIyYOK
DJLIAITAYECKIN T

10. a) Jlokasars, 9T0 GMCCEKTPUCH BHEIIHUX YIVIOB TPEYTOJbHUKA [IPU-
HAJIEXKAT OJHOMY IIyYKY IPSAMBIX.

6) JlokazaTb, YTO BEHICOTH TPEYTOJbHUKA NPUHAIJIEKAT OMHOMY IIyIKY.

11. Touka C nepememaercsa no gyre AB OKPyXHOCTHU, OPUIUKIA WU
runepiykiaa. [JokasaTh, YTO OPYU 3TOM BEJUYNHA & + [ — 7 HE M3MEHAeTCS
(a, B u v — yrum Tpeyroasuuka ABC).

12. [lokazaThb, YTO CUMMETPUSI OTHOCUTENBHO INIOCKOCTY COXPAHSAET IICEB-
[NOCKAJIIPHOE IIPOU3BELEHNeE.

13. Joka3aTh, 9TO CUMMETPUA OTHOCUTEIBLHO ILIOCKOCTH, HE TIEPECEKAI0-
et rumep6ogons [z, 2] = —c?, mepecTaBIseT TOJOCTH TUIep6oIoua.

14. Kak yCTpO€Ha KOMNO3WIUA CUMMETPUM OTHOCATENHHO ILIOCKOCTEN,
nepecexaommxca a) o ocu O,; 6) no ocu 07

15. Kak BBIMVIAAAT OPUIMKILI U DKBUIUCTAHTHI B Mogeau Ilyankape B
xpyre?

16. IlpuBecTu mpumep ABUKEHUs IIOCKOCTH JI06aEBCKOr0, KOTOPOE HE-
JIb35 IPECTABATD B BUE KOMIIO3UIUN MEHEE 9eM TPEX CUMMETPUU OTHOCHU-
TEABLHO MPSAMEIX.
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6. 3amoLlleHne TpeyronbHUKamMm cdepsbl, MaoCKo-
cTtv n nnockocTun Jlobauesckoro

3amaJda, KOTOPOU MBI OyIeM 33aHUMATHCA HA DTOU JEKUWWA, BO3HUKIA Y
ITyankape B cBA3u ¢ mocTpOoeHUEM (YHKIUU, C MOMOIIBI0 KOTOPBIX MOXKHO
peraTs auHenHbe Aud@epeHInaIbuble YPABHEHUA ¢ AIre0pandecKuMu KO-
3¢ PpunmeHTaMN.

PaccMoTpuM Ha €BKIMIOBOU TWIOCKOCTYM KPUBOJIWHEUHBIA TPEYTOJbHUK,
00pa30BaHHEIN TPEMs IyTraMé OKPYKHOCTEW WIA OTPe3KaMu NpAMeX. [luas
TAKOr'O TPEYTOMbHUKA MOXKHO PACCMOTPETH CPYIILY, TOPOXK JEHHYIO OTPAXKe-
HuAME (CEMMETPUAME) OTHOCUTEIBHO ero cTopor. Hac 6yayT uaTepecoBaTs
TPEyT OJbHUKY, IIPY OTPAKEHUAX KOTOPBIX OTHOCUTEILHO CTOPOH 0Ny IaeT-
Cs 3aMOIIeHue, T. €. uX 00pa3bl Py OTPAXKEHUAX JrOO COBHALAIOT, A10OO He
UMEIOT OOIUX BHYTPEHHUX TOYEK. 1Ipu 5TOM COBIAJEHUE MOIPA3YMEBACTCA
MOTOYEYHOE, T. €. COBMAIAIOT HEe TOJBKO CAMU TPEYTOJLHUKU, HO U BCE UX
COOTBETCTBEHHEIE TOYKHU.

He Tepsas o6GIMHOCTA MOXKHO CYUTATDH, YTO ABE CTOPOHLI KPUBOIUHEMHO-
0 TPEYrOMbHUKA ABIAITCA OTPE3KAMU NPAMEIX (3TOCO MOXKHO AOOUTHCA,
CIeNaB MHBEPCUIO C [EHTPOM B OJHOU U3 TOYEK [EPECETeHNs OKPYXKHOCTEN,
COEPKALUX CTOPOHEI TPEYrOabHUKa). O6pa3sl TPEYrOMbHUKA IPK OTPaKe-
HUAX OTHOCUTEILHO OBYX MNPAMOJUHENHEIX CTOPOH COCTABIAIOT 3aMOIICHUE
TOra U TOIBKO TOTAA, KOUJA yrOJ MeX.Iy DTUMU CTOPDOHAMHU DaBeH 7 /m,
roen — HaTypaJIbHOe quciIo. (ECJII/I HE Tpe6OBaTb IIOTOYEYIHOI'O COBIIAJECHUA
06pa30B, TO yroax MoxeT ObITh paseH u 27/n.) [losToMy nckoMBI Tpeyroas-
HUK JOJKEH MMeTb yrusl (7/p,w/q,7/r); fms kpaTrkocTu OyLeM COBOPUTD,
9TO TAKOUW TPEYyrOJbHUK UMeeT TUll (P, q,T).

3anaga 06 OTPAKEHUAX KPUBOJIMHENHOIO TPEYrOJbHUKA C yriaaMu o, 3,
7 B 3ABUCAMOCTHU OT 3HAKA YUCAA & + [ + ¥ — 7 (HPaKTUIECKU ABIACTCA 3313~
qen cdhepuvecKor, eBKINIOBOU WM TUIEPOOJNIECKON reOMeTpun. lodunee
roBoOps, B caydae & + 3 + v — 7 > 0 JOMKHEL JOHNOJHUTEILHO BBINOIHATHCS
TPU HEPABEHCTBA Buga a + f < 7y + 7, HO A1 TPEYrOAbHUKA TUNA (P, q,T)
TaKe HEPABEHCTBA BHITIONHAIOTCA aBTOMATUIECKH.

IloscuuM 6Gonee moapoOHO, YTO MEI mMeeM B Buay. HamomumM, uTO
croponsl AB u AC xpusonauuenHOro TpeyroiabHnka ABC MOXHO CIMTATH
oTpeskaMu TpaAMBIX. Ilycte O — UEHTP OKPYXHOCTHU, COIEPIKAIIEU Y-
ry BC. Ecau Ttouku O u A mexat mo oany ctopory or mpsavou BC, To
a+ B+ >m, aecau Touku O u A gexaT Mo pasHbie CTOPOHEL OT MPAMOU
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BC, ro a+p+v < w. Mosromy e+ f+v = 7 aumb B TOM ciay4ae, korga BC
— oTpe3ok npamon. Takum 06pasom, ecim  + 5 + v = 7, TO MBI TIOLYyIAEM
33424y 00 OTPaXKEHUAX OTHOCUTENHHO TPEX €BKJ/INIOBBIX IPAMBIX.

Paccmorpum Teneps caywan, korga a+ 3+ < 7, T. €. LEHTP OKPYKHO-
ctu S, ogepxkamen nyry BC, u BepmuHa A 1€XaT MO PasHble CTOPOHBI OT
npsamoun BC'. Ilposenem u3 Touku A kacarensusie AP u AQ) x oKpyx)HOCTH
S (pumc. 16). Hycts S; — oxpyxuOocTs pagmyca AP ¢ nentpom A. Toraa
cTOpOHBL Tpeyroabanka ABC ABIAIOTCA runepOoamIeCKrMyU IPAMBIMY IS
mogenu Ilyankape B kpyre S;. SCHO Takxke, 9T0 CUMMETPUM OTHOCUTEIHHO
CTOPOH KPUBOJIMHENHOrO Tpeyronbauka ABC ABIAIOTCA CHMMETPUM OTHO-
CUTEJIBHO TUNEPOOIAICCKUX NPAMBIX.

P

Puc. 16

OTO MPOCTOE PACCYXIEHUE UMEET BaXHOE CIENCTBUE: B cay4dae a + (3 +
v < 7 BCe 00pa3kl KPUBOJIUMHENHOTO Tpeyroabuuka ABC mpu oTpaxkeHusx
OTHOCUTEIBHO CTOPOH JEXAT JUO0 BHYTPU HEKOTOPOr'O KPYyTra, A0 B HEKO-
TOPOMU IIOJNYILIOCKOCTH.

Hawm ocraercs paszobpars cayuan a + 3 + v > w. Takoe HepaBeHCTBO
eme He 00eCIeYnBAeT CymeCTBOBAHME CHEPUIECKOrO TPEYTOIbHUKA C yIIa-
Mz @, 3,7y. [JONOSHUTEIBHO HOMKHEI BHINOMHATHLCA TPU HEPABEHCTBA BUIA
a+ f < 7+ 7y, ABOUCTBEHHEIX HEpaBeHCTBaM Buaa a + b > ¢. Ho ecim
a,f,y < m/2, TO HepaBeHCTBO @ + § < T + 7y BHINOIHAETCS ABTOMATUIECKH.
IMosToMmy GyaeM cUATaTh, 9TO CYIIECTBYeT cpepudeckunt Tpeyroabauk ABC
¢ yraamu «,  u vy. Crepeorpaduveckas NpOEKIUsa dTOr0 TPEyTroJAbHUKA HA
ILTOCKOCTh, KACAIOWIYIOcs chepul B Bepumue A, nmpeacrasiser coO0U KPUBO-
muaenHEl Tpeyroabauk AB'C’ ¢ yrnamu a, 8 u vy, npuyaem yroa A npamomnu-
HEWHLIA. JIerKo MPOBEPUTH, ITO €CJIM KPUBOJMHENHEIE Tpeyroabankn AB'C'
n AB;C}i C COOTBETCTBEHHO PABHBIME yIVIAMU MMEIOT OOIIUU NMPAMOJIMHEN-
Hb1 yron A, TO 5Tu TPEyrOJbHUKN TOMOTETUYHBLI C LHEHTPOM IOMOTETHN
A. B camom gere, eciu O’ u Q1 — HEHTPLI OKPYKHOCTEU, COAEPKAIIAX
ayru B'C’ u B1C4, To tpeyroapauku O’'B'C’ u 01 B1 (1 aBasioTCa paBHO-
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ﬁerqpeHHhIMI/I TpeyFOJII)HI/IKaMI/I C HapaJIJIeJI])HI)IMI/I 6OKOB])IMI/I CTOpOHa,MI/I7 a
suauuT, ux ocuosanusa B'C’' u B; () Toxe mapamwiensHel. [losToMy, m3me-
HUB IDX HEOOXOAMMOCTH PaauyC Cheprl, MOXKHO JOOMTHCSI TOrO, 4TO 00pa3
chEpPUIeCKOro TPEYrOIbHUAKA IIPU CTEPEOrPAMPUIECKON IPOEKINY COBIALET
C PacCMaTPUBAEMBIM KPUBOJMHEUHLIM TPEYTOIBHUKOM HA MIOCKOCTH. Slc-
HO TaKXe, 9TO CUMMETPUU OTHOCUTEILHO CTOPOH KPUBOJIMHENMHOIO TPEyro-
JBHUKA COOTBETCTBYIOT CUMMETPUAM OTHOCHUTEJIBHO CTOPOH CHEepUIeCKOro
TpeyroabHuka. B camom meae, Touku A u B cuMMETPUYIHLI OTHOCHTEILHO
cdhepuieckon npAMOU | TOrga M TOJBKO TOrAA, KOrga Jm0as chepraeckas
OKPYKHOCTB IEPECEKAET CPEePUIeCKy0 paMyo [ mon npsaMeiMm yriaoMm. llo-
9TOMY NpHU CTEPEOrpadUuIecKOn MPOEKIUN TOYKA, CAMMETPUIHEIE OTHOCU-
TEIBHO CHEPUIECKON MPAMOU [, MEPEXOAAT B TOUKU, CUMMETPUAIHEIE OTHO-
curensHO 06pasa [.

Y106b1 HAUTHU BCE BO3MOXKHEIE CHEPUIeCKUE U eBKIUOBEl TPEYTOIbHUKA

¢ yrnamu (7/p,7/q,7/T), HyKHO PEINTb B HATYPAIbHBIX YMCIAX COOTBET-

1
CTBEHHO HEPABEHCTBO — + — + — > 1 u ypaBuenue — + — + — = 1. Mox®Ho
p q r p

q r
cauTaTh, 9T0 p < ¢ < r. Torga B 06oux caydasx p < 3. Hecaoxuwbin mepe-

60p IPUBOAUT K cepuueckuM TpeyroabHukaMm tuma (2,2,n), (2,3,3), (2,3,4),
(2,3,5) u eBkIMIOBEIM TpeyroabHUKaM Tuma (3,3,3), (2,4,4), (2,3,6).

WAL V2 ¢
VAL
YA/
fa VAV AN

Puc. 17

HenocpencTBeHHO MOXHO yOeAUTHCS, YTO OOPA3bI BCEX YKABAHHBIX TPe-
YTOJIBHUKOB [P OTPAXKEHUSX OTHOCUTEIBLHO UX CTOPOH COCTABJAIT 3aMO-
meHue cephl WIN eBKINI0BOY ILIOCKOCTH. [[Js €BKINIOBBIX TPEyTOJbHUKOB
cM. puc. 17. s 06pa3oB cdhepruecKrx TPEyrOIbHUKOB Py cTepeorpadu-
YECKOU IMIPOEKINMK MOXHO HAPUCOBATH AHAJIOTMYHBLIE KAPTUHKN. B mepBhIx
IBYX HamOOJIee MPOCTHIX caydaax cMm. puc. 18. Ormerum, uT0 Tpebyemuie
3amolenus cdepol (KpoMe IePBOU CEPUM TPEYTrOJIbHUKOB) MOXKHO IOLYIUTh
caenyomuM 06paszoM. CoeIuHUM LIEHTD KaXJOU PAHU NPABUILHOI'O MHO-
TOrPAHHUKA C BEPIIMHAMYU U CEPEAVHAMU CTOPOH DTOU I'PAHU. 3aTeM IIOLy-
YEHHYIO CUCTEMY OTPE3KOB (BMeCTe ¢ pebpaMu) CIpOenupyeM Ha, OIUCAHHYIO
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cdepy u3 ee nenrpa. Torga mas TeTpadipa MOLYyYUM CHCTEMY TPEyrOJbHMU-
xoB Tuna (2,3,3), mia ky6a m OKTadIpa MOLYyYUM CACTEMY TPEYTOJLHUKOB
Tuna (2,3,4), a 4n1A ONEKA3APA M MKOCADAPA TMOLYIUM CUCTEMY TPEyrOfb-
HUKOB Tuna (2,3,5).

Y1068l HAUTKH BCE BO3MOXKHEIE MUIEPOOJMIECKIE TPEYTOIBHUAKY C YIUIa-

mu (7/p,w/q, 7/T), Hy)KHO PENUTH B HATYPATBLHEIX YACIAX HEPABEHCTBO — +
p

1 1
— + - < 1. OTO HEPABEHCTBO BHIIOJHAECTCA s BCEX NOCTATOIHO OOJIbL-
q r

LIVX YUCEN P, ¢, T, IOITOMY OHO UMeeT OECKOHEYHO MHOrO pemenuit. MoxHO
IOKa3aTh, 4TO ecau — + — + — < 1, 70 06pas3bl runepboInIecKOro Tpey-
p q T

COMBHUKA TUIA (D, ¢,T) IPU OTPAKEHUAX OTHOCUTEIHHO CTOPOH 3AIOMHAIT
0e3 MEePEeKPHITAN BCIO TUnepOOMTIecKyI0 IIOCKOCTh. J[0Ka3aTeanCTBO 3TO-
'O yTBEPXKIEHUA HE CTOMb OYEBUIHO, KAK [JSA €BKINIOBOU U CHEpUIecKou
reomeTpun. Mbl OTIOXUM €ro A0 JeKuuu 8, KOTOPas MOCBSAMIEHA TOKA3a-
TenbCTBY 60mee 00men Teopemul Ilyankape 0 3aMOIMEHUAX rUnep6oamaeCKOn
IIIOCKOCTHI MHOFOyFOJH)HI/IKaMI/I.

Puc. 18

3apauu

1. Havtu BCe TUNEI €BKINIOBEIX TPEYTOMBHAKOB, IEPEKATHIBAS KOTOPHIE
9epe3 UX CTOPOHEBL, MOXKHO 3aMOCTUTH MIOCKOCTD. (/OmOIHUTENBHO OABIL-
ercs TpeyroabHuk ¢ yraamu (2w /3,7/6,7/6).)

2. [lokasaTk, 9TO B IPYIIIE, IOPOXK IEHHON OTPAXKEHUAMU OTHOCUTEILHO
CTOPOH TPEYTrOJbHUKA TUIa (P, g, T), MOXKHO BHIOPATh Takue 00pasyolue T,
yuz,aro 2?2 =y? =22 =1u (2y)? = (y2)? = (22)" = 1.

3. oka3aTb, YTO T'PYMILI, MOPOXKJEHHKEIE OTPAKEHUAMA OTHOCUTEIHHO
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cTopon runep6oamdecknx Tpeyroasaukos (0,7/2,7/3) u (0,0,27/3), uso-
MOD®HBIL.

4. Yrael MHOTOYTONHLHWKA, OOGPA30BAHHOTO IyraMu OKPYKHOCTEH, MMe-
1ot Bug 7/k. O6s3aTenpHO M ero 06PA3EL IPU CUMMETPUAX OTHOCATEIHHO
CTOPOH HE TIEPEKPHIBAIOTCA?

5. CKOIBKAMY TPeyrOabHUKAME C yriamu /2, /3 u m/5 MoxHO 3aMo-
cTuTh chepy?

7. PynaameHTanbHas 061acTb MOAYNSIPHOWU I pyn-
Mbl

ITycrs G — rpymnna, DOpoXAeHHAs OTPAXKEHUAMU OTHOCUTEIBLHO CTOPOH
Tpeyronbuuka T ¢ yrmamu (w/p,7/q,m/r). Torma cdepy, mrockocTs min
ILIOCKOCTH JI06a9€BCKOr0 MOXHO NPEACTABUTH B BUAE OOBEIUHEHUA TpPe-
yroapuukoB g1 (¢ € G), npudem Tpeyroavuuku g17 u g1 mpu g1 # go
He UMEIT O0IMUX BHYTPEHHUX TO4YeK. IlocaenHee CBOMCTBO 00ECIeInBACTCA
Tpe6OBaHNeM MOTOYEYHOr0 COBNAACHNA 0OPAa30B TPEYrOMLHUKOB. B camoM
nene, ecau TpeyroabHuky g1 1 u goT uMmeT O0ILyi0 BHY TPEHHIOK TOYKY, TO
g1(z) = g2(x) mna Bcex ¢ € T, a 3Ha4uUT, g1 = go.

Hasosem Tpeyroasuuk T gyndamenmarbnot o6aacmovio rpynnst G. ITO
ompejeseHue IOmyckaer caeayiomee obobmenue. Ilycts G — moarpymma
TPYIOEL IBMKEHUN Cephl, TWIOCKOCTU win miockocTu Jlo6adesckoro. Hazo-
BeM D @yndamenmaavroti obaacmvio Tpynnsl G, eCAu BEIIOTHAIOTCA CIAETY-
OIIE yCIOBUA:

1) D — BHIIyKJIBII MHOIOYTOJBHUK (B Crydae IOCKocTu JIo6aueBcKoro
Y HEro MOryT OBITH GECKOHEYHO yIAJEHHEE BEPIIXHLL ¥ CTOPOHEL);

2) muoroyronsauku gD (g € G) mOKpHBAIOT BCIO CheEpy, IWIOCKOCTD I
I0CKOCTE JI06a4eBCKOro;

3) muoroyroasuuku g1 D u gD npu g1 # go HE UMEOT OOLUX BHYTPEH-
HUX TOYEK.

OTmeTuM, 9TO He y 000U TOATPYIIILI TPYNIILI IBUXKEHAN €CTh (hyHIa-
MeHTadbHasa 061acTh. Hanmpumep, y BCell TpyNNEl ABUKEHAN HET (PyHIaAMEH-
TATBLHOU 00JACTH.

B xagecTse npocToro mpumMepa HangeM QyHIAMEHTAILHY 00MACTb A
MOATPYTNITLEL COOCTBEHHLIX IBUXKEHWU B CPYIINE, IIOPOXK IEHHON OTPAKEHAAMA
OTHOCUTEILHO CTOPOH TpeyroubHuka 1 tuna (p,q,r). Herpyano mousars,
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9TO €CaU § — CUMMETPUA OTHOCUTENIBHO OJHOU U3 CTOPOH TPEeyroabHuKa 1,
10 o6beaumuenue T ¢ sT mpencrasaser cOGOM NCKOMYIO (PYyHIAMEHTATBHYIO
obmacte. B camom gerne, TpeyronapHuky Buga g1 MOXHO pa3buTh HA mAPHI
{gT,9sT}. Hemo B TOM, 9TO TpeyroJbHuUK ¢sI OmpemeasieT Ty XKe CaMyro
napy, Tak kak (gs)sT = gT

Ilepennem Teneps k 60/€€ HHTEPECHOMY IPUMEPY (PYHIAMEHTAILHOU 00-
aactu. HanmomuuM, uro B Mogean Ilyankape B BepxXHEU HOLYILIOCKOCTH COO-

az +
CTBEHHBIE [BUXEHUs UMEIOT BUJ 2 — o d rae a,b,c,d € Rwuad—bc = 1.
cz

I'pynmy MaTpui pa3MepoM 2 X 2 ¢ BEIIeCTBEHHEIME JIeMEHTAMHU ¥ OIpeje-
mutenem 1 o6ozmagaor SL(2,R). Jlo6eM AByM MpONOPIMOHAILHEIM Ma-
TpunaM (1 TOMBKO UM) COOTBETCTBYET OJHO U TO ke APOGHO-TMHENHOE Ipe-
ob6pasoBanue. IlosToMy rpymnmna cOGCTBEHHBLIX IBUMXKEHUU TIockocTu JloGa-
1eBckoro usomopdua daxroprpynne SL(2,R)/+T = PSL(2,R); anece I —
emuamanas marpuna. B SL(2,R) ects Baxnas moarpymma SL(2,Z), cocto-
AMAA U3 MATPUI, C HEJOYNCACHHLIME DIeMEHTaMI. E#l COOTBETCTBYET IOJ-
rpymma PSL(2,7) 8 PSL(2,R). Tpynmy PSL(2,7.) nasemaoT Mmodyaaprot
2pynnoi.

T
Teopema. Tpeyzoavnux D c yeaamu (0, 3 E)’ u300paxcennvili na puc. 19,
asasemes Gynoamenmassnoti 064acmovi0 MoJYAAPHOT 2pYnNbL.

1 1
—1-10 L 1

Puc. 19 Puc. 20

MoxkazaTeabcTBo. Paccmorpum B rpynme G = PSL(2,7) anemenTrr S(2) =
—1/2uT(z2) = z + 1. Oum nopoxgaroT HeKOTOPYIO moarpymry G'. Mer no-
KaxkeM CHavaua, 910 D — dyngamenTanbHas obaacts rpynne G7, a 3aTem
nokaxem, 410 G' = G, 7. e. saementu S u T nopoxpgaror BCco rpynmy G.

Tlpexne Bcero mpoeepuM, uto Tpeyroavuuku g'D (¢ € G') nmokprisa-
10T BCIO mIockocTh Jlo6adesckoro, T. e. ecau Im(z) > 0, To g’z € D pgua
rmexoToporo g’ € G'.
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Jemma 1. Ecau Im(z) > 0, mo npu g € G seauuuna Im(gz) npunumaem
AUWD KOREUHOE wuUCao 3navenuts, npesocrodswuz Im(z).

HokazaTeascTBo. fIcHO, uYTO

cz+d - -

o lcz+d2  |cz+d|?’

Im(g7) = Im (az + b) adz + bez Im(z)

TMosromy Im(gz) > Im(2) ymms B TOM ciydae, korga |cz + d| < 1. Tocren-
HEEe HEPABEHCTBO BEHIIOMHACTCA JUIIb 111 KOHEIHOI'O MHOXKECTBA, AP LEIbIX
qucen (¢, d), mpudeM 1A KaxIOi TaKOU napel BenmauHa Im(gz) onpepgenena,
OJHO3HAYHO. U

I'pymna G’ comepxurca B G, mosTOMy s m060W TOYKMA 2z B BEPXHEU
TOIYIIOCKOCTH MOXKHO BHIOPATh aaeMeHT ¢ € G/, mis KOTOpOro Beam4dnHa,
Im(g'z) makcumanbua. IIpeoGpasosanue T(z) = z + 1 He u3MEHAET MHUMYIO
YacTh YMCIa, 2z, TIOITOMY A HEKOTOpOro anementa w = T%g'z, k € 7,
BHINONHsETCs HepaBeHCTBO | Re(w)| < 1/2, a Bemwamnna Im(w) mo-mpexuemy
MakCcrMaJbHA. B dacTHOCTH,

m(w) > Im (_l) _ Im(w)

w |wl?
IosTomy |w| > 1, a 3uauur, w € D.

Jlemma 2. Ecau z — snympennas mouxa obaacmu D w gz € D das g € G,
mo g — moscdecmeennoe npeobpasosarue.

az +b

cz+d

¢ =0. Borom crygae ad = 1, 1. e. g(2) = 2+ b. Ecm b # 0, 70 ymmb

nasi npeobpasoBanuu g(z) = z £ 1 o6pa3 muoxectBa D mepecekaeTcs ¢

muoxectBoM D. Ho ux nepecedenue npunagnexur muoxectsy |Re(z)| =

1/2, xoTOpOe He CONEPKUT BHYTPEHHUX TOUeK MHOXecTBa D.
IIpeanonoxum Teneps, uro ¢ # 0. Torga

JoxkasareancTso. Ilycts g(z) PaccmoTpum cHavama cirygan

(2)=2— 1
FE=0 clez +d)’
IO2TOMY

a d 1




Yucaa a/c u d/c BemecTBeHHEI, TO>TOMY MHUMEIE 9acTH 4ucer g(z) —a/cn
z + d/c paBHEI MEUMBIM YacTsAM gucen ¢g(z) m z. A Tak Kax MHMMAs 9aCTh
mo6on Touku obaactu D HE MeHbe \/5/2, TO Moy uucen g(z) —afc m
2+ d/c Toxe ue mempme \/3/2. Cregosaremsro, |c| < 2/v/3, npuem ¢ —
HEHyJeBOe nejoe uucio. Takum o6paszoMm, ¢ = +1, mO>TOMY COOTHOIIEHUE
(7.1) MOXHO 3amucaTh B BUAE

9(=) Fal -] £d) = 1.

Ho eciu g(z) € D u z — BHyTpeHHAA TOUKa oOaacTu D, TO mis 00BIX
HEJIBIX 9uCeT @ U d BHIOTHAIOTCA HEPABEHCTBA,

l9(z2) Fa|l > 1, |z £d| > 1.

N3 nemmer 2, B 9aCTHOCTH, CI€AYET, 9TO [/ HECOBIATAMOINX DJIEMEHTOR
g1 u g5 rpynnbt G' muoxectBa gD u ghD He mMeroT OOIIMX BHYTPEHHUX
Touek. Taxum o6pazom, D — dpynmamenTanrbHas 06aacTs rpynnul G'.

Teneps MoxHO 6e3 Tpyga nokasaTk, uto G = G'. B camom gene, mycTn
g — TIPOM3BOJIBHBIN 1eMeHT rpynnsl (. Bo3pMeMm npou3BOIbHYIO BHYTpPEH-
HIOIO TOuUKy 2 obmactu D. Touka gz 1eXuT B BEPXHEU MOLYIIOCKOCTH, IO~
aToMy cymecTByer saemeHT g’ € G', nns xoroporo ¢'(gz) € D. [emxenne
9’9 € G 1epeBOAUT BHYTPEHHIOK TOYKY 2z 00sactu D B HEKOTOPYIO TOUYKY
obmactu D. IlosTomy cornacuo memme 2 mpeobpasoBanue g’ g TOX IeCTBEHHO,
T.e.g=(¢) ' €q.

JloxazaTeabCcTBO TEeOpEMEBI 3aBepIneHo. [

®dynramenTatbHas o6racTs rpynmsl PSL(2, Z) npenctasiaser co6oi Tpe-
T
yroapuuk ¢ yraamu (0, 3 —). Ho ee yzobuee paccmaTpuBaTh Kak 4eTHIPEX-

3
yroambuauk ABCD ¢ yraavu 0, g,ﬂ', g (puc. 20). [Teao B TOM, 9TO CTOPOHBL

STOr0 YETHIPEXYTOMLHUKA, PAa3OUBAIOTCA HA MAPLI; CTOPOHEI KAXKIOU Maphl
TepeBOAATCA APYT B APYTa HEKOTOPLIMHU dieMenTamu rpymmsr PSL(2, 7).

3apauu

1. a) lokazaTs, 9To byHIaMEHTAILHYIO 061acTh rpymmel PSL(2, 7)) Mox-

7T)‘

0
HO pa3pe3aTh Ha ABa TPeyroabHuka ¢ yraamua (0, 2'3
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6) MokazaTb, 9TO MOATPYNNA COGCTBEHHLIX NBMXKEHUU B CPYyTIE, HO-
POXIEHHOU OTPAXKEHUAMEM OTHOCUTEIHHO CTOPOH TPEYTOJbHUKA C yTJIAMU

(0, g, g), momopdua PSL(2,7).

2. Mokaszars, aTo Tpeyrompauk ¢ yraamu (0,0,0) MoxHO paspesaTs Ha 6
Tpeyroabaukos ¢ yraamu (0, g, E).

3.Oycte D= {2 C| 2] > 1, |Re(z)| < 1}.

a) [lokasaTp, 9TO ABWXKEHUS 2 — 2 + 2 u 2 — —1/2z nepesogaT oaHy u3
cTopoH obaactu D B apyryro.

6) Mokasarnb, uro D — dyHaaMerTaIBHAT OOIACTE TPYIIIEL, HOPOXK I€H-
HOW IBUXEHUAMU 2 — 2 +2 1 2 +— —1/z.

1 1 1
4. Mycte D = {2z € C | ‘

Z+§ 2*5

a) oxasars, uro D — QyHnamMeHTaIbHas 00aacTh rpynnsl G, mOpo-

1
> 2’ [Rez| <1}.

>_7
-2

KJIEHHOU JIBVDKCHUAMU 2 — 2 +2 1 2 — ————.
2z+1

6) JoxasaTb, 9TO DIEMEHTAM yKa3aHHOU rpynnkl G COOTBETCTBYIOT B
SL(2,7) B TOYHOCTH T€ MATPHITLI, IJIT KOTOPEIX

(£4)=(4 )msn

8. Teopema [lyaHkape o doyHAaMEHTaNLHOM MHO-
FOYronbHUKE

PaccMoTpenHBle HAMU TPUMEPHL 3aMOIIEHHOU ChEPhI, MIOCKOCTA U IIJI0-
ckocTy JI06a4IeBCKOro TPEYrOJbHAKAMY [TOKA3LIBAIOT, 9TO HambOIEe CI0XK-
HYIO CTPYKTYPY UMEIOT 3aMOIIeHus mI0ckKocTH JIobadeBckoro. Tem He meHee,
MOXHO OIMNCATH BCE BHINMYKJIBIE MHOI'OYT'OJIBHUKU HA ILNIOCKOCTHU JIOﬁa‘{eBCKO—
0, KOTOPHIE CIYyXAT (PyHIAMEHTAIbHBIMEI OOJACTAMUI I'PYII, COCTOAMNUX U3
coOCTBeHHBIX aBUXeHUN. [[oqI9epKHEM, YTO B OTAMYMAE OT 3AMOIIEHUU TPe-
YIOJIBHUKAMU DPEYb TEIIEPb 6y,z;eT NOITU TOJBKO O CO6CTBeHHBIX ABUXKCHUAX.
HO 9TO HE MEIIaeT OJHOBPEMEHHO IIOJAYYIaTh PE3YJAbTATHI O 3aMOIICHUAX TPe-
yroapHukamu. [leno B TOM, 9TO eCIu CKIEnTDb Tpeyroabauku 1 u sT', rue s —
CUMMETPHUs OTHOCUTENbHO OMHOU M3 CTOPOH TPEyrOJbHMKA 1, TO B pe3yib-
TaTe MOAyYuTCa GyHIaMeHTaIbHAsA 00JaCTh D TPYNNEL, COCTOAIIEN JUIIDb U3
COOCTBEHHLIX IBUXKEHUN. A 13 3aMOIIEHUA ILIOCKOCTH JI06adeBCKOro obpa-
3amu purypst D Jerko noryyuuTs 3aMoIneHre 06pa3aMu TpeyroJabHuKa, 1.
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Ilycre M — BBOIyKIBIM MHOTOYTOIBHUK HA ILIOCKOCTH JI06a1eBCKOro.
IIpegnonoxum, aro M — ¢pyrgamMeHTaIbHAA 00JACTH HEKOTOPOU T'DYIIIIBL
G, cocroamen aumik w3 COOCTBEHHBIX ABMXKEHUN. [laa yHIAMEHTATHHON
obmactu M MOXHO paccMOTpeTb MHOrOyroabHuku Buga gM (g € G), nepe-
CedeHus KOTOPHIX ¢ M HemyCTHIe; TAKUX MHOTI'OYTOJbHUKOB KOHEYHOE HCIIO.
Ilepecevenne BHIMyKIbIX MHOXECTB M u gM He mMeeT BHYTPEHHHX TOYEK,
MO3TOMY OHO SBJSAETCS JdubOO0 TOYKOU, aub0 OTpe3KOoM. Bce orpesku Buaa
M N gM nazoBem cmoponamu yHIAMEHTAILHON Obmactu M, a BCe TOY-
ku Tpounbix nepecedenuu M N gM N hM uasoBeMm gepwuramy GyHIAMEH-
TaabHOU obmacTu. KoHIaMu Kaxgou CTOPOHBI (hyHIAMEHTAILHOU 00IaCTh
SIBIAIOTCS BepIMHEL GyHAaMeHTanrbHon obnactu. OTmeTuM, 4TO BEpIIHA
dyunamenTanbaOn ob6macTu M He 00s13aHa OBITH BEPIINHON MHOT'OYTOJLHU-
xa M (puc. 21).

Puc. 21 Puc. 22

K xaxmgou cTopore a pyHIaMEHTATLHON 00aacTu M TpUKIenBaETCS He-
KOTOpEI MHOrOyroabHuk g(M), nostomy a = g(b), rge b — mekoTopas cTo-
pona dyuzamenTanbuou obaactu M. fAcHO, 9TO K CTOPOHE b TPUKIEUBAELT-
cs1 cropona g ! (a) dynzamentansroi obaactu g (M). Tlosromy CTOpOHEI
dysramenTanbHOon obmactu M pasbuBaOTCA HA HAPEL CTOPOH, IIEPEBOIA-
mUXCAa apyr B aApyra apmkeHusmu g € G. COOTBETCTBYIOIINE NIBUXEHUA (
HA3LIBAIOT IBIKEHUSAMIY, CNAPUSGIOUUMY CTNOPOHDL.

Cay4an a = g(a) me uckmodeH. Jlerko npoBepuTb, YTO COOCTBEHHOE
nBuxkeHue g # id mepeBOAUT OTPE3OK B cebs JUMIbL B TOM CIy4Yae, KOr'aa, g
— CHMMETPUA OTHOCUTEILHO CEPEIUHBI O0Tpe3ka. 1l03TOMY OT CUTyaluu,
xorga a = g(a), MOXHO M30ABUTHCA, NOOABUB K YUCIY BEPIIAH CEPEIUHy
oTpeska a. IlomuepkHeM, YTO BEPIIMHEI TAKOTO TUIMA NOOABJIAIOTCA JUIIhL
IJIA TOTO, 9TOOLI CTOPOHEL B Tapax ObLIM Pa3anIHbL. FCau 5TH BEPIIMHEL He
NO6ABIATE, TO HUKAKUX OPYTUX OCIOXHEHUU HE BO3HUKAET.

Kaxnoe neumxenwe g, CIapuBaIOMEe CTOPOHBI, IEPEBOUT APy BEPIIMH
A1, Az B npyryio napy sepums g(A;), g(As). Coenuunm Beprmmnet A; u g(A4;)
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OPMEHTHPOBAHHEIM PeGPOM; IBIKEHMIO § | COOTBETCTBYET TO JKe CAMOe Pe-
6po, HO ¢ apyrou opueHTanmen. I[Iposemem Takue pedpa IJisa BCEX CIIApU-
BAaIOIUX ABWXKEHUUN. B pesyaprare nmomyvamm HexkoTopwhin rpad. Kaxmpon
BEpPIIVHE COOTBETCTBYIOT POBHO B3, CIHAPUBAIOIINX ABUXKEHUSA, I03TOMY U3
KaX [0 BEPIIMHEL I'Pada BHIXOAAT POBHO ABa pebpa. Taxum o6pazom, mory-
9YeHHBIA rpad COCTONT U3 HECKOJBKIX UUKJIOB. BEPIIMHEI, BXOIAIME B OJIUH
LUK/, HA30BEM 9K61U6 aAEHTMHbLMY.

Paccmorpum nuka Ay ... A,. Ero pebpa MOXHO OpUEHTHPOBATD TAK, ITO
9i(A;) = Aip1. Tloxaxem, 9To ecau ToUkm A, ..., A, He IeXKAT HA aOCOIIO-
Te, TO Npeobpa3OBAHUE § = Gnfn—1 - .- g1 ABIAETCS IOBOPOTOM C LIEHTPOM
A Ha yroax a; + -+ - + ay, vae o; — yrou npu Bepumae A;. fcuHo, 94T0

g(Al) = gngnfl 92(142) —_— .. = Al'

IIycte @ — Ta cTOpoHA (PYyHIAMEHTAILHON O0MACTY, KOTOPYIO NBUXKEHUE g
TIepeBOAUT B ApPYryio cTopoHy. CoOGCTBEHHOE NBUXKEHUE

f=R3 gn.. R g:RY g1

nepeBoAuT B cebs TOUKy Aq u mpsamMyio a, nodromy f = id. Jlerko nposepurs,
9TO [ TI000r0 ABMKEHUS A CIPABEIJINBO PABEHCTBO

hES = Rifyh, (s.1)

rge € = 1 gua coberTBeHHOrO gBuXKeHUs h u € = —1 g1a HEeCOOGCTBEHHO-
ro aBuxenusa h. Bocmonab3oBaBmMCh 3TUM PABEHCTBOM ([ COOCTBEHHBIX
[BUXKEHUN ) , TIOLY IAM

f=RY g R Ry = --- = gRG, T Hom,
CleloBaTENBHO, § = R;falJr“'Jra")

Meuoroyroasauku g, (M), gngn—1(M), ..., gngn—1 - -- g1 (M) umeroT 06-

MIyio BepmmHy A, IpWYeM UX yTUIEI TIPU 3TOU BEPITWHE PABHEL Qiy, Ol 1,

.., Q] COOTBETCTBEHHO. IIPUMEHWM K DTHM MHOTOYTOJbHUKAM CTETICHU
npeobpa3oBaHus § = gngn—1---91- HEOOXOAUMEBIM U OCTATOYHEIM YCIOBH-
€M TOrO, 9TO B PE3yJbTATE MOLYIUTCS 3AMOIIEHUE OKPECTHOCTH TOYKU A,
ABJIAETCS PABEHCTBO a + -+ - + a, = 27 /k, k € N.

MbI nonyYwm HEKOTOPEIE HEOOXOAWMEIE YCIOBUA TOrO, YTO BHILYKJIBIN
MHOTOYTOJBHUK Ha, TIOCKOCTU JI06AIe€BCKOrO ABIACTCA (DYyHIAMEHTAILHON
obmactoo. OKa3BBAETCA, YTO BTU YCJIOBUA HE TOJBLKO HEOOXONUMEL, HO U
NOCTATOYHEL
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Teopema (Ilyankape). [Tycmo svinykabiii 2unepboasuueckuti muwo2oy2oao-
wux M obaadaem caedyrowumu ceoticmeamu:

1) cmoponbt mnoz2oyzoabnuka paszbumsr na napvt {a,b}, npuvem das xa-
o#cdolh maKoli Napvl CMOPOH CYWECTNBYEM, CRAPUBAIOUEE UL COOCTNEEN-
noe deusxcenue g, m. e. b= gla) = M N g(M);

2) cymma yea06 npu sxeusasenmuuir éepuiunar pasa 2m/k, k € N,

Toeda M — gyndamenmaavnas obaacmo epynnovt G, nopoxrcdennoti deu-
HCEHUAMU, CTLAPUBAIOUSUMY CTOPOHbL.

JokasaTeascTBo. I[Ipexge BCero IOKaXXeM, YTO €CIA MHOIOYTOJILHUKA
hiM u hoM (hy,hy € G) uMeroT OOLIYI0 BHYTPEHHIOI TOYKY, TO hy =
hy. IlpuMenyM K 060MM MHOT'OYTOJBHUKAM IpeobpasoBanue hi ! TMocae
5TOro MOXHO Oymer cumrath, 9T0 h; = id. IlpeobpasoBanme g = hy
IPEeJCTaBUAM B BUE KOMIIO3NLIKY IPEOOPA30BAHUM, CIAPUBAIOLILX CTOPO-
HBL: § = Qrgk—1-.--91- llpeamomoxmum, 910 ¢ #* id. mpW DTOM MOXKHO
BBIOpATh MPeOOpPa30OBaHUE § ¢ HAMMEHBbIIEN NJIUHOU pasioxkenus k. Ilyctsb
A — o6mas BHyTpeHHAs TOYka MHOrOyronbHukoB M u g(M). Paszmoxe-
HUIO § = (... g1 MOXHO CONOCTABATH 3aMKHYTYIO JOMAaHyI0 Ap ... Ay, rue
Ay = A, Agp1 = gs(As) mpu s > 1. Touku A; u Agy1 HE MOTYT COBIa-
[ATh, IOTOMY YTO OHU SBJAIOTCSA BHYTPEHHUMH TOYKAMHU ABYX BBHITYKJIBIX
MHOT'OYT'OJBHUKOB, IMEIOMKX OOy CTOPOHY. W3 MUHMMAIBLHOCTY AIMHEL
PAaBIOXKeHus ClIeayeT, 9To JomaHas Aj ... A, HecaMonepeceKaromascs.

B ToMm cayuae, korga gomanas A; ... A npencrasiasoT co6ou 06x0a BO-
KPYT OJHOU M3 BEPIINH MHOIOYroJabHUKa M, mpeo6pa3oBaHue g mo yCIOBUIO
SIBIAETCA MOBOPOTOM HA YTOX 27 BOKPYT DTOU BEPIIMHBI, MOITOMY ¢ = id.
[Ipegnonoxum Teneps, ITO JOMAHAS IOIYIAETCA B PE3yAbTATE 00beJUHEHNS
IBYX JIOMAHBIX, IPUYEM UX OOIINe CTOPOHEL IPOXOMATCS B PA3HLIX HAIIPABJIE-
muax (puc. 22). Us pasencts afy = 1, fia; = 1 u B = B~ creayer, uto
aayy = 1. TlosToMy I 3aMKHYTOU JOMAHOU, MOLYYEHHOU B PE3YJALTATE
00bEIMHEHNS HECKOJIBKIX 00XOL0B BOKPYT BEPIIMH MHOI'OYTOJLHIKOB, TOXE
BBINOJIHSAETCS paBeHCTBO ¢ = id. flcHO Takxe, 4TO MO0YI0 3AMKHYTYIO HECa-
MOIIEPECEKAIOUIYIOCS JOMAHYI0, COOTBETCTBYIOILYIO PA3I0KEHUIO IPeobpaso-
BaHUA ¢, MOXKHO IIPENCTABUTL TpeOyeMuIM 06pas3oM, nodromy g = id.

Ocraercst 10Ka3aTb, YTO OOPA3LI MHOIOYIOJbHUKA M 3alOMHSIOT BCIO
mwIockocTh Jlo6adesckoro. Bepumner muoroyroasuukos gM (g € G) o6pasy-
0T CUYETHOE MHOXKECTBO, [IO9TOMY BHYTPU MHOIOYIOJBHUKA M MOXKHO BBI-
O6path TOUKy A Tak, 9T0 0Tpe3ok X A He COmepUT HU ONHOU U3 BEPIIUH

55



MHOrOyTOnbHUKOB gM . [locTaTovHO mokasaTk, 9To oTpe3ok X A mepeceka-
€T JUIIIb KOHEYHOE YUCJIO MHOFOyFOJII)HI/IKOB gM

PaCCTOﬂHHe Me)Krﬂ[y ABY M1 CTOpOHaMI/I BBIHyKJIOFO MHOFOyFOJIbHHKa paB—
HO HYJIIO JIULIb B TOM CIy4ae, KOU4a DTU CTOPOHHL cocequue. [losToMy pac-
CTOSIHUE MEX Iy JIOOBIMU ABYMsA TOYKAMU HECOCEAHUX CTOPOH MHOIOYTOJIb-
Huka M 60mbIue HEKOTOPOro (PUKCUPOBAHHOIO OJIOXKUTEILHOrO ucia. Cie-
NOBATENBHO, HA OTpe3ke X A PACIONIOXKEHO JIHIIL KOHEIHOE IHCJIO OTPE3KOB,
COeNVHAIOMMX HECOCeNHUE CTOPOHBI MHOIOYroabHWKOB gM. Bynem roeo-
PUTB, 9TO OTPE3OK CIMA2UGGEN BEPLUIMHY MHOI'OYT'OJIbHUKA, €CJAU €0 KOHIIEL
PACIIOJIOXKEHEI Ha, CTOPOHAX, BHIXOSMIMX U3 DTON BepumHEl. IIpeanonoxum,
9YTO Hapa COCEAHUX OTPE3KOB CTACMBAET HESKBUBAJIEHTHBLIE BEPIIUHEL MHO-
royroasHukos g1 M u go M (puc. 23). Torga B Muoroyroasauke g1 M ) go M
OTPE30K, COCTABIEHHEIN U3 ABYX PACCMATPUBAEMEIX OTPE3KOB, HE MOXKET
CTACMBATH BePIIMHY (B OAHY U TY XK€ TOUKY IONAJAI0T JULIb DKBUBAJEHTHLIE
BEPIIVHEL), IODTOMY OH COEJUHAET TOYKHU ABYX HecocemHux cTopoH. Cieno-
BaTEILHO, JINHA, IIOLYyI€HHOIO OTPE3Ka GOJIbIIe HEKOTOPOr'O (GUKCAPOBAHHO-
IO NOJOXWTENBHOrO 4ucaa. Takum 06pasoM, UCKIIOYUB U3 PACCMOTDEHUS
KOHEYHOE 9HCJO OTPE3KOB, MOXKHO CIATATH, 9TO BCE OTPE3KU CTATCUBAIOT
BEPIIMHLL OJHOTO ¥ TOTO XK€ KIACCA DKBUBAICHTHOCTH.

TIpeanonoxum, 9To Ha orpeske X A PacHon0keHO 6ECKOHEIHO MHOT'O Ta-
KUX OTPE3KOB. B TOM Ciydae, KOrjla CTATMBAEMAs UMY BEPIIAHA, HE JEXKUT
Ha abcoaoTe, npsaMasi X A [o/KHa CIUPaATeoOPa3HO OOBUBATHCA BOKPYT DTON
BepuwHEL (puc. 24), 9ero He MOXeT OHITh.

4

Puc. 23 Puc. 24

W3 poxkasarenncTBa Teopemsul Ilyanmkape BuIHO, 9TO BCE COOTHOILIECHUS
Me)Kr[[y CHapI/IBaIOIlH/IMI/I JABUXEHUAMN CJIe.I[yIOT u3 COOTHOHIeHI/II‘/JI7 BO3HUKAIO-
mx npy 06X0/1e BOKPYT BEPIIMH MHOIOyroabHuKa. [Ipu 5ToM cooTHOMIEH S,
BO3HUKAaOIMeE Ipyu 00X01e BOKPYT BEPIINH OJHOI'O IUKJIA, DKBUBAJIEHTHEL.
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3apauu

1. okaszarb, YTO 00OpPa3bl rUmepOOIMIECKOr0 TPEYTrOJBHUKA C YIVIAMHU
w/p,T/q, T[T IpU CHMMETPHAX OTHOCATEIHHO CTOPOH MOKPHIBAIOT BCIO ILIOC-
kxocTb Jlo6adyeBckoro.

2. BepHo a1, 9T0O B runepbOInIeCKON MeOMeTPIY KOMIIO3UIUA TIOBOPOTOB
Ha yruel ¢ u 3 (C pasHBEIMU LEHTPaMU) ABJIAETCA IOBOPOTOM HA yroa a + 37

3. MoxasaTs, aTo rpynna PSL(2,7) 3anaerca obpasyiomuvu S u T u
coorsomenuamu S2 =1, (ST)? = 1.

4. PaccMOTPUM IPABIIBHLIN TUNEPOOIMIECKAN BOCBMUYTOILHUK C YTVIOM
/4. Ilycrs cnapuBaomye IBIKEHUA OTOXIECTBIAIT €0 IPOTUBONOIOXK-
HEIE CTOPOHEL J[0Ka3aTh, YTO MOIyYaeMas B PE3yJbTaTe CPYIIS 33aeTCI
o6pazyomuMu a, b, ¢, d u coornomenunem abeda b le td! =1.

5. a) YkazaTb GyHIAMEHTAIBHYI0 00JACTE A/ CPYIIILL, 33,1aHHON 06pa-
3yIOIMMY a, b, ¢, d u cooTHOmenmeM aba ‘b~ ledeld™! = 1.

6) JokazaTb, 9TO 5Ta IPyNna U30MOpGHA IPyne u3 3a1a9a 4.

9. lNpocTpancTBo Jlobauesckoro

Bce paccmoTpeHHBIE HAMEU MO e ILTOCKOCTHU JIo6adeBCKOro Jerko 0600~
IIAIOTCA HA, CILyYall N-MEPHOr'0 IPOCTPAHCTBA, MIPUIEM NOKA3ATENLCTBA, U30-
METPUYIHOCTH DTUX MOJEIEN IPOBOLATCA 0€3 CyIeCTBEHHBIX U3MEHEHUN.

N monern Knetrra u mogemu [lyankape B n-MepHOM mape 735 +- - - +32 <
1 paccrosaame mex gy Toukamu A m B MOXHO ONpemennTb KaK PACCTOSHUE
mexay Toukamu A mw B B coOTBeTCTBYyIOmEN Momenu reomerpun Jlobaaes-
CKOrO ISl CEYEHMs MAPa IVIOCKOCTHIO, MPOXOIAMEN Y€Pe3 HEeHTD [Mapa u
Touku A u B.

[uas mogenu Ilyankape B monynpocTpancTse

H" ={(%1,...,2,) € R”‘mn >0}

paccrosaue Mexay Toukamu A u B ompejensiercs Kak pacCTOSHUE MEXIy
Humu B Mogean [lyankape B momymiockoCcT, Opoxoasamen yepe3 Touku A u
B v nepnes uKyJaApHOU PAHULE HOLyIpocTpancTsa H™.

st Mofenu Ha TOAOCTH nceBnocdept [r,z] = —c, rae [r,y] = z1y1 +
co 4+ TpYn — Tnt1Ynt1 DACCTOsAHUE d MEXAY TOYKAMU X U Y 3303eTCA HOp-
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MyJIOU

B pambmenmem Mbr OymeM paboTaTb TOMBKO C MomeasMu llyankape.
B sTux Mogensx runepOOInYeCKUMY IO AIPOCTPAHCTBAMY ABIAOTCA IACTH
chep, OPTOrOHATBHEIX a6COMIOTY (EBKIMJOBHEI MOJIPOCTPAHCTBA MBI TIPU
5TOM paccMaTpuBaeM Kak chepel GECKOHEYHOTO pagmyca). IloATpocTpaH-
CTBa Pa3MEPHOCTH 1 — 1 B IPOCTPAHCTBE PA3MEPHOCTH 7 OyJeM HA3LIBATH
2unepnaockocmamu. IToOHI OMpeJeTUTh CUMMETPUI0 OTHOCUTETHLHO THIep-
IIOCKOCTH B MPOCTPAHCTBE JI06a9eBCKOr0, TOCTATOYHO OMPEIETATh CIMMe-
Tpuro oTHOCUTEILHO cheprr S? 1 B R™. Hazosem Touku A u B cummempuu-
nolmy oTHOCHTEILHO cheper S™ 1 B R”, eciu m06as chepa pasmepHOCTH
n — 1, mpoxogsmasn gepea Touku A u B, oproronamsua chepe S”!. Cum-
METPUA OTHOCHTENBHO C(EPHI COBHALAET C MHBEPCUEU OTHOCUTEIHHO DTOU
ceprr. MuBepcus cOxpaHseT TBOMHOE OTHOIIEHUE, TOITOMY CUMMETPUU OT-
HOCHTEJILHO TUIEPILIOCKOCTEH ABIAIOTCA JBUKEHIAME IPOCTPAHCTBA, Jlo6a-
EeBCKOTO.

Teopema 9.1. Jhwboe dsumncenue n-meproz2o npocmparcmeas Jobauescko-
20 MOMCHO mpedcmasumeb 6 eude Komnozuyuy e 6oaee n + 1 cummempuu
OMHOCUMENLHO 2UNePnaocKocmet.

JokazaTeabCcTBO. AHAJOIIYHYIO TEOPEMY MBI YK€ NOKA3BHEIBAIM I ILIO-
ckoctu Jlo6aueckoro. IloaTOMy OCTAHOBMMCS JMINB HA TOU YACTH JOKA3a-
TEJIBCTBA, KOTOPAsA HE IEPEHOCUTCA ABTOMATHYECKU. A HMEHHO, [TOKAXKEM,
9TO €CIU JBMKEHUE UMeeT 7 + 1 HemoABMXHYI0 TOYKY, NMPUYEM DTU TOU-
KU He JIeXAT B OJHOU I'MIIEPIIOCKOCTY, TO ABMKEHNE TOXAeCTBeHHO. [lycTh
Ai,..., Ay1 — IAHHBIE HENOIBUXKHEIE TOYKU. SICHO, 4TO TOuku Ay, ..., A,
HE MOT'YT JEXaTb B OGHOM (1 — 2)-MepHOM HOANPOCTpaHCcTBe. [t J00hx
[OBYX HECOBIIATAIOLUINX HENOIBIKHEIX TOYeK X M Y CTPOroe HEepaBeHCTBO
TPEyTOJBHUKA, BJIEYET, 9TO BCe TOYKM npamon XY menoasmxkubr. B wact-
HOCTH, BCe TOuKM npamon A As menogsmxubr. Yepes mobyo Touky X mio-
ckoctu Ay Ay A3 MOXHO POBECTHM TPAMYIO, TTEpeCeKaromyio mpavuie Ay As,
Ay Az m A; A3 1O KparHen Mepe B IBYX PA3IUYHBIX TOYKAX. JTO O3HAYAET,
49TO BCE TOYKU TIOCKOCTH A Ay A3 HEMOABMKHEL AHAJTOTUYHO MOLydYaeM,
9TO BCE TOYKU MOATPOCTpaHcTBa A Ax A3 A4 memogBuxkuer u T. 1. O

Teopema 9.2. /Jeuxcenue npocmpancmsa Jobauescroz20 001031aun0 onpe-
deasemces ce0uM 02panUveHUEM Ha a6COA0M
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JokazaTenscTBo. Bocnonesyemcs momensio Ilyamkape B moaympocTpas-
cTBe. PaccMOTpUM MHOXECTBO BCEX THIIEPILIOCKOCTEN, TPOXOMAIINX Iepe3
Touky X. Cpemu mx OrpaHwyYeHUN Ha AOCOTIOT MOXKHO BHIIEIUTH ChEpy
MUHUMAJIBHOIO paguyca (LeHTD 3TOU ChEepH COBNALAET C OPTOrOHAIBLHON
mpoekuuen Toukun X Ha abcomoT). SICHO Takke, 9TO MO BBEIAEJEHHOU Ce-
pe Touka X OIHO3HAYMHO BOCCTAHABIMBACTCA. [IBMKEHHE g IEPEBOIMT PAC-
CMATPUBAEMOE CEMENCTBO I'UIIEPINIOCKOCTEN B CEMEUCTBO I'UIEPILIOCKOCTEN,
npoxogammx depe3 Touky g¢(z). B cooTsercTByomem cemenctse cdep HA
abCoII0Te CHOBA MOXKHO BEIAEIUTDL CHEPY MUHUMAILHOIO PAAAYCA, & IO HEU
MOXKHO BOCCTAHOBUTB TOYKY ¢(x). DTO 03HAYaET, 9TO TOYKY ¢(T) MOKHO
OIpPeeIUTh, 3Has JUIIbL Ipeo0pa3oBanue ceMencTsa chep Ha adcommore. [jia
3TOT0, PA3yMEeTCs, JOCTATOYHO 3HATH JUIIL OTPAHUYEHUE TIPEOOPa30BAHUA
g Ha abcoaor. O

Teopema 9.3. I'pynna cobemeennwvir deuxrcenuti MPeTmMepro20 NPoOCMpa-
cmea Jlo6auescxozo uzomopgna PSL(2,C).

HokazaTeanbcrBo. Coracuo Teopemam 9.1 u 9.2 rpynna gBrkeHuu Tpex-
MEPHOI'0 IPOCTPAHCTBA JI06AIEBCKOr0 U30MOPGHA I'PyIIEe NPe0OPa30BaAHNN
IIIOCKOCTH, I'IOpO}KrI[eHHOI‘/)I CUMMETPUAMU OTHOCUTEIBHO NPAMBIX U OKPYX-
HOCTeﬁ. By,z[eM pacCMaTpUBATH INIOCKOCTH KAaK KOMILICKCHYIO IINIOCKOCTBH
C. CumMeTpuy 0THOCHTENBHO BEMECTREHHOM OCH 1 eJMHUYHON OKPYKHOCTH
TIepEeBOJAT z B Z U —1/Z cooTBeTcTBeHHO. KOMmoaunum cuMMmeTpuit OTHO-
CUTEJIBHO ABYX IIAPAJUICIBHBIX IIPDAMBIX, ABYX IIPDAMBIX, IIPDOXOOAINNX YepPeE3
HAYaJI0 KOOPAWHAT, U ABYX OKPYXKHOCTEU C LEHTPOM B HAYANE KOOPAUHAT
nepeBogAT 2 B 2 +a, ez u kz (k> 0) coorsercTBenno. CirenoBaTensHO,
n060e oToOpakeHue BU A

az+b azZ+b a b
C o d T ard Frqe<c d)EGL(Z,(C),

MOXHO TIPENCTABATH B BUAE KOMIO3UINY CUMMeTput. SICHO Takxe, 9TO J10-
6as KOMIO3UIUA CUMMETPUN OTHOCUTEILHO MPAMEIX U OKPYXKHOCTEU UMEET
TaKOU BU[.

Co6CTBEHHEBIE [BUXKEHUs COOTBETCTBYIOT NPEOOPA3OBAHUAM

az+b
cz+d’
A Tax Kax TPOMOPIMOHATLHEIM MATPUIIAM COOTBETCTBYET OHO U TO XKe Ipe-

00pa3oBaHue, TO TPYINa COOCTBEHHLIX IBUXEHUN 3-MEPHOT'O MPOCTPAHCTBA
Jlo6asesckoro msomopdua SL(2,C)/ £1. O

Z
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st TpexmMepHOro npocTpaHcTBa JI06aUEBCKOr0 O AHAIOIUU C ILIOCKO-
crio JI06A9eBCKOr0 MOXHO OIPENENNTD DILINITHIECKHEe, 1apabonndeckue u
runepOONMIeCKIe Iy IKK IIOCKOCTEN. JTO MO3BOIAT NOKA3ATH CJIELyIOmme
YTBEPXK JCHUS:

1) rpymma PSL(2, C) cogepxuT B KauecTBe MOATPYIII IPYIIL COGCTBEH-
HBIX JBVWXXKEHUU CEPHI, INMOCKOCTH U IIOCKOCTH JI06AaIeBCKOro;

2) B TpexXMepHOe MPOCTPAHCTEO JIO6AMEBCKOr0 MOXHO W30METPUIECKH
BJOXKUATD CPepy, IMOCKOCTh U INIOCKOCTE JI06a9€BCKOro.

HazoseM suaunmuueckum myakoM (B TpexmepHOM npocrpancTse Jloba-
YEBCKOI'0) CEMENCTBO ILIOCKOCTEN, IPOXOAAIUX depe3 (PUKCUPOBAHHYIO TOY-
Ky; Ha30BEM NaPaO0AUYECKUM TTyIKOM CEMEUCTBO IIOCKOCTEHN, TIPOXOIAIINX
4gepes GUKCUPOBAHHYIO TOUKY HA A0COMIOTE; HA30BEM 2unepboauueckum myd-
KOM CEMEHCTBO ILIOCKOCTEN, OPTOTOHAIBHEIX (PMKCUPOBAHHOM ILUIOCKOCTH.

Teopema 9.4. Mnosxcecmeo 6cer KomMno3uyuti cummempuli OMHOCUMEAbHO
nap naockocmeti 00nozo nyuxa ssasemcs nodepynnot 6 PSL(2,C). /as
JAAUNMURECKO20, NAPAOOAUYECKO20 U 2UNePOOAUUECKO20 NYUKA IMa NoJ-
2pynna uszomopPra epynne coOcmeennwuir deudcenuti chepvi, naockocmu u
naockocmu Jobauesckozo coomsemcmesenmo.

JokazaTenbcTBo. [l 5/ TUYECKOrO My YKa paccMoTpuMm Moaens [lyan-
Kape B mape, npuydeM OyAeM CIATATb, 9TO BCE IIOCKOCTU MYYKa MPOXOAAT
4qepes 1meHTp mapa. CuMMeTpun OTHOCUTEIBHO TAKUX TIIOCKOCTEN TIOPOXK 13-
0T IPYIILY ABUXKEHUN CPEephl, KOHIEHTPUIHOU C a0COMIOTOM.

151 mapaboamIeckoro my4ka paccMoTpuM Mojens Ilyankape B moaymnpo-
CTPAHCTBE, IpuyYeM OyAeM CIUTATh, YTO BCE INIOCKOCTY IIy9IKA, ABAAIOTCS €B-
KJIUJIOBEIMY HOLYIIIOCKOCTAME, OPTOrOHAJIBHEIMEA a0COMIOTY (BCE TAKUE ILIO-
CKOCTH IPOXOAAT U9€pe3 TOUKy oo Ha abcouaore). CuMMeTpun OTHOCUTEIHHO
TAKUX INIOCKOCTEN IEPEBOAAT B €05 KAXKAYIO €BKINIOBY ILIOCKOCTD, Iapal-
JNeTbHY0 a6comoTy. OrpaHuyveHus 3TUX CUMMETPUN HA, YKA3AHHBIE TLIOCKO-
CTU TMOPOX JAIOT TPYINY €BKINIOBBIX IBUXKEHUU 3TUX TLIOCKOCTEN.

11 Tunep6oIMIecKOro MyvYKa PacCMOTpUM Moneab Ilyankape B momy-
NPOCTPAHCTBE, NpUYeM OyJeM CIUTATh, YTO BCE INIOCKOCTYU OPTOrOHAILHBL
HEKOTOpOU wiockocTu 11, mpoxoasmen depes Touky oo. Ilycts | — mpsamas,
no koropou miockocTs I nepecekaer a6comor. CuMMeTpuu OTHOCUTENb-
HO ILIOCKOCTEU TAHHOIO IIy9Ka SABJSIOTCSA WHBEPCUAMU OTHOCUTEILHO chep,
LEHTPBI KOTOPBIX JIEXKAT HA IPSIMOU [; DTU [BUKEHUS IEPEeBOAAT B CeOs JIo-
6yI0 eBKAMIOBY MOJIYILIOCKOCTE 11’ orpanndennyto mpamon /. Orpanudenus
»TuxX peobpasoanui Ha, 1’ ABAAIOTCA CUMMETPUAMEA OTHOCUTEILHO OKPY K-
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HOCTEN, OPTOrOHANBHEIX IPAMOU [. DT mpeoOpa3OBAHUA MOPOXK TAIOT I'PY-
nny aBrokeHul mogean [lyaHkape B BEPXHEU MOLyILIOCKOCTH. O

Ha nosepxuoctu F' B npocTpancTse JIOGAIEBCKOT0 MOXHO BBECTH UHIY-
yuposannyto mempuxy. A DTONO HYKHO ONPEIEIUTHL DIEMEHT [IAHLI Ha
nosepxHoCcTH F' (paccTosHue Mexny GeCKOHEIHO OIM3KMMEA TOIKAME) KAK
PACCTOAHUE MEXTYy COOTBETCTBYIOIIMMYU TOYKAME MPOCTPAHCTBA JIOOAMEB-
CKOT0.

PaccMOTpUM MOBEPXHOCTE, COCTOAMIYIO U3 00Pa30B (PMKCAPOBAHHOU TO-
YKU TOJ NEVCTBAEM CEMEUCTBA, COOCTBEHHBIX NBUXEHUU, COOTBETCTBYIOIIAX
My9Ky IIOCKOCTEN. TaKylo MOBEPXHOCTH B (JIy9ae SILIANTIIECKOr0, Tapabo-
JIMYECKOr0 U rUunepOOIMIecKOro My IYka HA3LIBAIOT cepoti, opuchepoti u 2u-
nepcdepoti COOTBETCTBEHHO. B PAaCCMOTPEHHLIX HAMU CUTyanuax chepamu
Oy IyT eBKIUJOBEL CHEPEl C MEHTPOM B IEHTPE MOJEIN, opucdepamu OyIyT
€BKJIMIOBLI ILIOCKOCTH, MAPALIEIbHEE a0COMIOTy, a runepcdepamu OyayT
€BKJIOBLI IIOAYILIOCKOCTH, COAEPKAITAC IPAMYIO 1.

s mogemn Ilyankape B momympocrparctse H® = {(z,y, z)’z > 0} sae-
MEHT AJuHB umeeT Bufi ds/z, rae ds?® = dz? + dy? + dz?. llosromy Ha
opucdepe z = a KBaIpaT dIEMEHTa JIMHLI uMmeeT Bun a 2(dz? + dy?). Ta-
kUM 006pa3oM, B KOOPAUHATAX (T,Y) PACCTOAHNE MEXKIY TOIKAMHA OPUCHEPHL
TTPONIOPIMOHAILHO €BKINI0BY PACCTOAHUIO.

Ha runepcdepe y = kz KBapaT dIeMEHTa, IIMHLI UMEET BILT

du? + dv?

2 (14 E2)ds2
de® + (1 + k*)dz _ (1R s

2

z

roge u = z/V1+ k%, v = z. Takum obpasoM, B koopauHaTax (u,v) pac-
CTOSIHUE MEXIy TOYKAMU THUMepChepsl MTPOMOPIIOHAILHO PACCTOAHUIO HA
mwrockocTu JI06a1eBCKOro.

s momenu Ilyankape B €IMHUYHOM IIAPE DIAEMEHT [IJIWHBI UMEET BU[

2ds
1— R%’
Tpa mapa. [loaToMy paccTOsHUE MEX Iy TOYKAMU TUnepOommdeckon chepnl

> +y’+2° =R’ B

rae ds — eBKAMIOB DJIEMEHT [JMHEL, R — paccrosHue oo IeH-

- pa3 GoJbIle PACCTOAHUA MEXAY TOYKAMU €B-
kamgoson chepur 2 4+ y2 + 22 = R2. Taxum 06pa3oM, paccMaTpuUBaeMast

runep6oamIecKkas cepa N30METPUYIHA eBKINIOBOMN Cepe pasumyca — —.
A Ay 1_ R2
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KBaTepHuoHHasi Mosienb

JlBimxeHue TpexMepHOro mpoCTPaHCTBa JI06aYEBCKOr0 MOXHO IpeaCcTa-
BUTH C IIOMOIIBIO KBATEPHUOHOB. HaHOMHI/IM, ITO K6AMEPHUOHAMU HA3BIBA-
10T aare6py Hag R ¢ obpasyrommumu 1,4, j, k 1 cooTHOmeHMAME 2 = j? =
k> = -1, ij = —ji = k, jk = —kj = i, ki = —ik = j; oTa amrebpa
accormmmaTuBHa. [lonoxum

H? ={z+1tj| 2 C, t>0}.

[encrBue mMarpuns v = ( Z Z ) € SL(2,C) ua Touxu a6comora C 3a-

az+b

cz+d
KBATEPHUOHHL BUJA ¢ = 2 + tj, t > 0. DTO MOXKHO CIEIaTh JBYMA SKBUBA-

JEHTHBIMU CIIOCOOaMM:

IaeTcs popMyIon vz = TpeOyeTcs TpOLOIKUTL dTO AEUCTBUE HA

vq = (ag + b)(cqg +d) ™' = (gc +d) ' (qa +b).

IIpex e Bcero mposepumM, 910 06€ HOPMYJIEL JEUCTBATEILHO SKBUBAJICHTHEI,
T. €.
(gc+ d)(aq + b) = (ga + b)(cq + d).

Yucna a,b,c u d momapHO MEPECTAHOBOYHEI, IOTOMY TPeOyeMOe PaBEHCTBO
sKBUBaJeHTHO paBeHCTBY (ad — be)g = q(ad — be). Tlocaennee paBeHCTBO
04eBUIHO, TaK Kak ad — bc = 1.

Ilposepum Temepn, uto vq = 2’ + t'j, rae t' > 0. YumrwBasg, uTo
jlez+d) = (cz +d)j nu ad — bc = 1, monygaem (ag + b)(cqg + d) = (az +
b)(cz + d) + act? + tj, nosToMy

_ (ag+Db)(cq+d) (az+b)(cz+d) +act® +tj

leg+d* leq + d|?

Ocraercs mpoBepuTb, YTO HIPEOOPA3OBAHUE Y SABIAETCS IBUXKEHUEM IIPO-
crpancrBa JlobageBckoro. [uas 3TOr0 LOCTATOYHO IPOBEPUTH, ITO 7Y CO-
XpaHseT ABOUHOEe oTHOolneHue. fIcHo, 4To

vqg—7q = (ag+b)(cg +d)™t — (¢c+d) " (da+b) =
(dc+d) (¢ e+ d)(ag+Db) — (da+b)(cqg+d)|(cg+d) ! =
(de+d) " g—q)(cg+d)~
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Kpowme Toro, ¢c+d = (z'¢+d) +t¢cj u cq' + d = (cz’ + d) + tcj. MosTomy
gc+d| = |cq + d|, a 3Ha4uT,
‘c+d "+d

lg —¢'|

1 — .
vg =7 leqg + d||cq’ + d|

C moMOIB0 3TN POPMYJIEI IETKO YOeIUTHCA, ITO TPeobPa30BAHUE Y COXPa-
CA D

HET IBOWHOE OTHOIIEHNE —— @ ——

CB DB’

3agaum

1. [loka3arsb, YTO eCau ABUKEHIE IPOCTPAHCTBA, JIOOAIEBCKOrO OCTABIIS-
er HeHOII[BI/I)KHHMI/I BCE TOYKUN HeKOTOpOI‘/JI FHHepHJIOCKOCTH, TO 9TO r[[BI/I)KeHI/Ie
b0 TOXAECTBEHHO, MO0 ABAACTCA CUMMETPUEN OTHOCUTEILHO JAHHOU T'H-
TIEPILIOCKOCTH.

2. TokasaTb, 9TO OrPAHWYEHUE IBUXKEHUS TPEXMEPHOT'O MPOCTPAHCTBA,
Jlo6aeBCKOro HA a6COMOT MMEET OJHY WIA IBE HEIOIBMKHEIE TOYKH.

3. llycts A, B,C, D — nonapHo pa3auvHbie TOYKYU a0COMI0TA I/ TPEX-
MEPHOr0 mpocTpancTBa Jlo6adeBckoro. [[oka3aTs, YTO CyIECTBYeT ABHKE-
HUe, nepecTasisiomee Kak Todku A u B, Tak u Touku C' u D.

4. PaccMoTpuM TeTpasap C BepLINHAMU HA a0COMI0TE.

a) JoxasaTb, YTO CyMMa €ro ABYTDAHHBIX YIVIOB IPU JIOOOU BEpPIIMHE
paBHa 7.

6) JlokazaTb, 9TO €ro MPOTUBOMOJIOKHLIE TBYTPAHHLIE YIVILI DABHEL.

5. [IpaBUILHEIZ MHOMOIPAHHUK C BEPIIMHAMY Ha A0COIIOTE COOTBETCTBY-
eT B Mogeau Kienna HEKOTOPOMY TUIepO0JnIecKOMY MHOTOIpDAHHUKyY. Han-
TU BEIWYUHY ABYTPAHHOIO IV DTOr0 MHOTOTPAHHUKA, A KAXKIOrO TUI]
IPABUIBLHOIO MHOTOIDAHHWKA: a) TeTPadApa; 6) Kyba; B) OKTAdAPa; I') UKO-
canapa; n) AO0AEKadADA.

6. Bo3bpmem B n-mepHOM runepO0aIrdeCKOM IPOCTPAHCTBE TOYKY 21, . . .,
Zn+2 U pacemoTpum MaTpuy A = (ai5), a;; = ch(d;;), rae d;; — paccrosuue
Mex 1y Toukamu 2z; u z;. [Jokasars, uTo det A = 0.

7. Mycte R m 7 — pammycer asyx (n — 1)-meprerx chep B R?, d —
paccTosHUe MeX Iy uX meHTpamu. [[oKa3aTh, YTO BEIUIUHA,

R4+ -
2Rr

COXPAHAETCA IPU UHBEPCUIX.
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10. [lononvenune®. Yto Takoe opueHTauus?

B sTou raBe mox IIOCKOCTBIO, €CIM HE OUOBOPEHO NPOTUBHOE, MEL Oy-
€M MOHMMATh OJHO U3 TPeX: CPepy, eBKINAOBY ILIOCKOCTH WX INIOCKOCTH
Jlo6auesckoro.

B rmaBax 1 u 5 MBI y3HAIM, 9TO, KAK U B €BKAMJOBOM reoMeTpun, B Cde-
PUIECKON U runepGOMMIeCKON M€OMETPUAX CYyINECTBYIOT ABA, TUIA, [BUKEHUAN
IIOCKOCTH — COOCTBEHHBIE U HecoOCTBeHHbIe. OmnpeaeneHue 3TUX MOHATUAN
OCHOBHLIBAETCsA HA WHTYUTUBHO OYEBUIHOM MOHATUEM opueHTanuu. O gHAKO
IPUAATE €My CTPOTUU CMEIC] OKA3BIBAETCS HE TAK IPOCTO, KAK KAXKETCS Ha,
[I€PBLIA B3IV,

N3BecTHO, 9TO CyIIECTBYeT POBHO ABE OPUEHTALNA ILIOCKOCTH, CHEPHL U
I0CKOCTH JIOOAYEBCKOr0, 8 TaKxKe IPOCTPAHCTB JI000M Pa3MEPHOCTH Ka-
XKIOrO 13 yKasaHHbIX TUHOB. O IHAKO K€ MPOEKTUBHAA INIOCKOCTH UMEET
BCEro OJHY OPHMEHTAINIO, T. €. BCE ee IBVKEHUS ABIAIOTCA COOCTBEHHBIMU.
A xax 06CTOUT [ET0 C MPOEKTUBHOU TIPAMOU WM TPEXMEPHLIM MPOEKTUB-
HBIM IIPOCTPAHCTBOM? A MOXHO JM TPEACTABUTHL cebe TeOMETPHUI0, UME-
myio 6omee OBYyX opueHTammi? B KakoM-TO cMBICIe mepedOpMyIupOBKON
IIOCTIEAHErO BOIIPOCA, ABJIAETCSA 3HAMEHUTHIN KJIACCAYECKUN BOIPOC, IOYEMY
3€pKajJ0 MEHsSeT MeCTaM{ NPaBO U JEeBO ¥ He MeHseT BepxX u Hu3. UToOHI
Pa306paThCsa ¢ DTUMU BOIPOCAMU HEOOXOAUMO CTPOIO ONPEIEIUTh [IOHITUE
opueHTanMY (MU COGCTBEHHOTO U HECOOGCTBEHHOIO [BYKEHUS).

Msur mocrapaemcs 31eCh M3JI0XKUTH HECKOIBKO MOAXONO0B K OIIPENEIEHUIO
MOHATUN COOCTBEHHOI'O M HECOOCTBEHHOI'O ABMKeHUA. MBI Kak Obl IOCMO-
TPUM HA HUX C PA3HBIX CTOPOH. B pesynbTaTe MOABATCA TPU PABHOCUIBLHEIX
OIpefeseHnss — reoOMeTPUIeCcKoe, aHATUTHAYECKOe 1 anrebpamdeckoe. Tpya-
HOCTU B CBSI3M C HEOOXOQUMOCTBIO TOKA3aTEILCTBA PABHOCIILHOCTU OIpe-
neneHu Oy IyT CIOMHA KOMIEHCAPOBAHLI TE€M, YTO B PA3IUYHBIX CUTYAIIAAX
MBI CMOXEM MOJb30BATLCA TeM U3 OMpeNelIeHul, KOTOpoe Ooree yao0HO B
paccMaTpUBaEeMOM CIydae.

leomeTpuueckuin noaxon

Mz 3H3€M, ITO TI000€ IBUKEHUE ILIOCKOCTY MOXKHO IPEICTABUTEL B BUIE
KOMITO3UIY He OOJee, 9eM TPEX OCEBHIX CUMMETPUU. DTO NOKA3LIBAETCA B

lHanucano B.O. Byraesko
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Teopemax 1.2a) u 5.1 qna cheprl u WIOCKOCTU JIO6AMEBCKOTrO COOTBETCTBEH-
HO, OJHAKO JOKA3aTENbCTBA dTUX TeOpeM (PAKTUYECK! HE HCIOJb3YIOT TO,
KAKOU U3 TPEX TUIOB ILNIOCKOCTEN PACCMATPUBAETCA.

Ounpegenenne 1. Jeusxcenue naockocmu masvisaemcs (2eomempuuecku,)
COOCMBERHBIM, ECAU €20 MONCHO NPEICMAsUMb 6 8ude KOMNOUYUY O8YT
cummemput U HecoOCMBEHHbIM 8 NPOMUBHOM CAYUGE.

W3 onpegenenus ciegyer, 9TO TOXIECTBEHHOE MPEOOPA3OBAHUE TLIOCKO-
CTU ABIAETCA COOCTBEHHBIM [IBUMKEHUEM, TaK KAK MPEICTABIAETCA B BUIE
KOMITO3UIUYN [IBYX CAMMETPUM OTHOCATEIBHO OAHOU mpsAMou. Muer xoTum
[NOKA3aTh CAEAYIOIIYIO TEOPEMY.

Teopema 10.1. Jwboe dsusxcenue, npedcmasumoe 8 8ude KOMNOZUYUU %EM-
HO20 YUCAQ 0CEBLIT CUMMEMPUL ABAAETNCA COOCTNBENHIM, 0 6 BUJE HEUEM-
HO20 UUCAL OCEBIT CUMMEMPUL — HeCoOCMEeHHbIM.

Hdoka3zaTenbcTBo. BriTekaer HenmocpeacTBeHHO u3 Tpex temM 3, 6 u 7, mpu-
BeIeHHBIX HIxXe. [

Jlemma 3. Ocesas CumMmMempus ABAALMCS HECOOCMEEHHBIM 0BUNCEHUEM.

Hoka3zaTenbcTBo. HeTpyano BugeTs, 9TO0 MHOXECTBO HEIOIBUXHBIX TO-
YeK KOMIIO3UIIUH [BYX OCEBBIX CAMMETPUN €CTh IEPECeTIeHne OCeu, T. €. ABJI-
ercst b0 BCeU IIOCKOCTHIO (eCaM OCH COBIAJAIOT), 1100 TOIKOU (ecau OHu
[IePECEKAITCA ), OO IMyCTHIM (€CIU OCH He IepecekaoTcs). Bo Bcex cayva-
AX OHO HE MOXKeT COBIIaLAaTh C HpﬂMOﬁ — MHOXXE€CTBOM HEIIOJABMXKHBIX TOYEK
oceBou cumMeTpun. O

Jdemma 4. Jas arobvix mpex npamoiz 11, lo u I}, npunadsercawuzr odno-
My nyuky, cywecmeyem (eduncmeennas) npamas Uy (u3 mozo ace nyuxa)
maKas, 4mo s182 = 8185, Anaaozuuno, das a06Lix mper npamuix li, la u
Iy, npunadaesncawur odnomy nyuKy, cywecmeyem npamas li maxas, wmo
$182 = 818%. (3decv u danee wepes s; u S 0603HAUENA CUMMEMPUL OMHOCU-
meavho l; u l} coomeememeeno.)

lokaszaTeabcTBO. PaccMoTpuM OpTOrOHAMBHYIO KPUBYIO MYYKA — OKPY-
XKHOCTB, OPUNUKI AN DKBAAACTAHTY (cM. raasy 5). Co6CTBeHHOE nBUMNKE-
HUE, ABJIAIONIEECT KOMIO3UINEA CAMMETPUNM OTHOCUTEILHO MPAMBIX IIY9Ka,
COXPAHAET 3Ty KPUBYIO U OJHO3HAYHO ONPEIeIIeTCs 00pa3oM JI000U ee TOd-
xu. Ero orpanndenve Ha 9Ty KPUBYIO CABUCAET €€ BAOJL Ce0s HA, Y IBOEHHOE
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paccrosuue (B METPUKE, MHIYUMDPOBAHHOU METPUKOU ILIOCKOCTH), MEXKIY
TOYKAME €€ MEPECEeYeHus C OCAMU CUMMeTpuid. PaccMoTpum Tenepb TOYK:
Ly, Ly u L) nepecevyenus npamerx 1, l2 u lj cooTBeTCTBEHHO € paccMaTpu-
Baemon kpusou. Crpoum Touky L), oTknaneiBas oT Touku L) paccrosanme,
PaBHOE PACCTOAHMIO Mexny Toukamu Lj u l2 (BCe pacCTOAHUMA MEPAIOTCA
BJOJb KPUBOW) B Ty K€ CTOPOHY, B KOTOPYI HAXOAWTCA TOIKA Lo OTHO-
curenpHo L. IIpsamas mydka, OpTOrOHANBHAS PACCMATPUBAEMON KPUBOU B
touke L} u 6y et uckomon npamon 1. Ilepsoe yTBepXK neHre 1OKa3aHO, BTO-
PoO€ IOKA3BIBALTCA aHAJOIUIHO. [

Jlemma 5. ITycmb mbl umeem 06a NYuKa NPAMbIE, N0 Kpaiinet mepe 0dun u3
xomopux dasunmuveckut. Toeda cywecmsyem npamas, NPUHAOLEHCAUOA
um 06oum.

HokaszaTeabcTBo. Eciu 06a mydka D/IMNTAYECKHAE, TO MCKOMOU IIPSAMOU
OyaeT mpsiMas, IPOXOAAIas dYepe3 OOMIyI0 TOYKY MPAMEIX [IEPBOr'0 IIyYKa U
OOIIy!0 TOYKY MPAMBIX BTOPOIO Mydka. KCau BTOPOU My<YoK mapabormde-
CKWU, TO MBI TaK¥XKe MPOBOAUM IIPAMYIO Yepe3 OBE TOYKU, OMHA U3 KOTOPBIX
JEeXUT Ha a6CoMoTe (B CIyIae eBKINIOBOU ILIOCKOCTHU 3TO CBOAUTCS K IIPOBE-
[EHNUIO Yepe3 NaHHYI TOYKY MPAMOMU, mapaiieasHon ganuon). Hakonen, ec-
JI1 BTOPOU TIy9Y0K TUMEPOOIMIECKUN, TO UCKOMAS NPAMAA TPOBOAUTCA I€Pe3
[BE TOYKHU, OJHA X3 KOTOPHIX COOCTBEHHAA TOYKA, INIOCKOCTH JI06a9eBCKOro,
a Bropas — ugeanbuas (1examan B CP?, mo e MuoxecTsa Doy, 3a,121011€T0
ILIOCKOCTH JI06aMEBCKOr0 B COOTBETCTBYIOmEN Mogean (CM. riasy 3)). O

JlemMa 6. Komnosuuyusn > 3 ocesvix cummemput moxcem 6bims npedcma-
BAEHA KAK KOMNOZUYUS TL — 2 CuUMMEMPUL.

HokazaTenscTBo. [IpoBogurcs uHgyKIMEN TIO N

Basza mugykinuu — n = 4. [IycTb MBI nMeeM KOMIIO3UITUIO I€THIPEX CUM-
METPHUU S1825354. PACCMOTPUM [BA Iy9IKa, MPAMBIX — HEPBHIU, COAEPIKAIINN
npaMeie [y u Iy, 1 BTOpou, cogepxamuu npsamee I3 u Iy (MBI coxpanaem 060-
suadeHus geMmel 4). Ecau no xpaHen Mepe 0QvH U3 3TUX IIy9KOB DJLUIANTH-
YeCKUY, TO COIVIACHO JeMMe 5, CYIIECTBYeT IpAMas [, IPUHAIIeKAIAA UM
o6oum. IlycTte s — cummerpus oraocurensuo [. Ho Torga, cormacHo jem-
Me 4, CymeCTBYIOT CUMMETPHU S| U §) TAKWE, 9TO S1S3 = S)8 W S384 = 88).
Torpa s1528384 = 81888y = 818}, ¥ MBI IOIYIaeM MCKOMOE MPEICTABICHUE
KOMIO3WIMY YeTHPeX CUMMETPUU B BHAe OBYX cuMmMmerpui. Eciau xe 06a
PACCMATPUBAEMBIX IyYKa HE ABIAITCA DILIANTUYECKUAMY, TO DPACCMOTPUAM
BHAYAJE B Iy9IKE, CONEPKAIIEM MPAMEIE [y U [3, IpAMyo [}, mepeceKalontyo
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l1. Haxogum npsamyto 1}, arobet lols = 151}, orxyna lilalsly = L4151, TIy-
YOK, COJEPKAIIUN NPAMBIE [ U I} ABIAETCA BIIMNTUYIECKAM, TIOSTOMY MbI
MOXKEM MOBTOPUTE ITPUBEICHHLIC BHIIE PACCY XK TCHIA.

Mlar uagykmuy TpusuaieH. O

JlemMma 7. Komnoszuyus mpex 0CesbiT CuMMemput A8A4MCA HECOOCMBeH-
HOLM QBUNHCEHUEM.

lokaszaTeabcTBO. [IpeanonoxuM IPpOTUBHOE, 9TO [JI HEKOTOPHIX CUMME-
TpI/IfI 81,82,83,7T1, T2 BBEIIIOJIHACTCA PABEHCTBO §15283 = T'171. ﬂOMHO}KI/IB ero
Ha S1 CJI€BAa W HA S3 CnpaBa, y‘II/ITI)IBajI7 9T0 CI/IMMeTpI/I}I — HMHBOJOTUBHOE
npeobpa3oBanue, uMeeM Sy = §171T283. Cormacuo semme 6, mpaByio 4acTh
MOXHO TPENCTABATH B BUAJE KOMIIO3UIMKA IBYX CUMMETPUu t; u to, OTKyaa
So = t1ty, YTO IpoTHMBOpPEUUT JAemMMme 3. O

W3 Teopemur 10.1 HEMOCPEICTBEHHO BLITEKAIOT B3, CJACICTBUI.

Caeactsue 1. Jloboe necobecmeennoe deuxrcernue npedcmasaiemcs 8 sude
KOMNOBUYUYU COOCMBERH020 DBUNCERUA U 0CEBOT CUMMEMPUL.

CaencrBue 2. Komnosuyus deyr deuscenuti odnoeo muna (cobcmeennvir
UAU HECOOCTNBEHHBIT) ABAAEMCA COOCNBEHHbIM JBUNCEHUEM, G KOMNOUYUL
deyz deudcenuti pasnozo muna (co6CMBERH020 U HECOBCTNBEHHO20 UAU He-
cobcmBennoeo u co6CNEERH020) ABAAETNCI HECOOCTNEEHHIM JBUNCEHUEM.

NueiMu croBaMu, Onepanysa KOMIIO3UIMK JeUCTBYET Ha KJIACCaX COOCTBEH-
HBEIX U HECOOCTBEHHBIX II[BI/I}KeHI/II‘/JI KaK YMHOXEHUE Ha KJIacCCaX BBIYETOB IIO
MO0 2 (KIACCaX YETHHIX M HEYETHHIX YUCeN).

Teopemy 10.1 MOXxHO B3ATH 3a OnpeeaeHre COOCTBEHHOI'O X HECOOCTBEH-
HOT'0 OBMXKEHuU. B Takou pOpMyJupoBKe OHO 0€3 M3MEHEHUU MEePEHOCUTCS
Ha CIyYay IpOCTPAHCTBa Jobou pasmeproctTu. OpHaxo, 060CHOBAHUE KOP-
PEKTHOCTH TAKOI'0 OIpEJeNeHUs B OOLIEeM Caydae 3aTPyAHUTEJbHO 0e3 uc-
MIOJIB30BAHUA AAre0PAMIeCKnX COOOPaAKEHNN.

AHanuTu4yeckumn nogxop

PZ[BI/I}KEHI/IG IIIOCKOCTHI ﬁyrqu Ha3bIBATh aHAJUTUYICCKN (}06CTBeHHI:xIM7 eC-
JIX €I'0 MOXHO OCYIICCTBUTH HEIIPEPBIBHBIM NBUXECHUEM, HE BBIBOJAIIIAM 34
ee mpegensl. Caenyomee onpenenenne hopMyaIpPyeT 3TO xKe Ooree CTPOoro.
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Onpepenenue 2. Jeuscenue @ naiockocmu nasvigaemcs (aHAAUMUECKN)
cobemeennbim, ecau cywecmeyem muoxcecmeo dsuxcenut {p, | x € [0,1]}
maxoe, umo pg = id (mosxcdecmeennoe dsumncenue), ©1 = @ u das 410601
mouxu A omobpaxcenue f(x) : x — p (A) ecmv nenpepvisnas no r Gynx-
YUA.

Teopema 10.2. I'eomempuuecku cobcmeennoe JBUNCEHUE ABAAECTNCA GHA-
AUTNUYECKY COOCNBEHHBIM.

lokaszaTeabcTBOo. IlycTh MBI MMEEM KOMIIO3UIMIIO SgS1 ABYX OCEBBIX CHM-
MEeTpPUM OTHOCUTEILHO NMpAMEIX lg u l;. Ha xpusou, opTOroHaIbHOU mps-
MuIM [g u [} BBegeM KOOpAMHATY TakK, YTOOLI npsMuie [y u [; mepecekann ee
B Toukax ¢ koopauuaramu 0 u 1 coorBercTBenno. IlycTs s, — cuMMeTpus
OTHOCUTENBHO TIPAMOU MyYKa, MEPECEKAIONIEN PACCMATPUBAEMYIO KPUBYIO B
Touke ¢ koopaunaTon x. Torga {¢, = sos, | « € [0, 1]} u 6yzeT MHO)KECTBOM
IBUXEHUU, TPEOYIOIIUXCA B ONPENENCHNN AHATATAIECKA COOCTBEHHOTO IBU-
xeHua. O

IIpuBeneHHOE aHAIUTUYECKOE ONpeaeneHne Jerko 0600IaeTcs Ha, MIpo-
CTPAHCTBO 000U PA3MEPHOCTH, OJHAKO, MHOTHE CBOUCTBA COOCTBEHHEIX U
HEeCOOCTBEHHBIX [BIKEHUU NOKA3LIBATH, OCHOBBIBAACH HA HEM, JOCTATOYHO
Tpyauo. B wacTHOCTH, YTOOEI JOKA3aTh, YTO OCEBAS CUMMETPHS SBIIETCS
HECOOCTBEHHBIM JIBUXEHUEM, HEOOXOIMMO MPUBJIEYL JOMOJHUTENbHEIE aJre-
Opawndeckue cOOOpaKeHUA.

Anrebpaunyeckuit nogxos,

Mer HauHEeM ¢ PACCMOTPEHUS €BKINIOBOU INIOCKOCTH.

Buauanre HAIOMHUM HEKOTOPHIE CBEACHUS U3 JUHEUHON anreCper. Omy-
[IEHHBIE [OKA3ATENbCTBA IPUBEICHHBIX HUXE YTBEPK JEHUN MOXHO HAUTH B
m000M CTAaHAAPTHOM KypCe JMHEMHOU aiareOpnl. PaccMOTpuM MHOXECTBO
BCEBO3MOXHEIX OPMOKOPMUPOBAHHLIL 0G3UC08, T. €. Iap BeKTOPOB {Z,y} ¢
yeaosuamu (z,z) = (y,y) = 1, (z,y) = 0. (3zech (-,) 0O3HAYAET CKAIAPHOE
npouseegeHue.) Bce Takue 6a3suCHI IeIATCA HA ABA KJIACCA: Te, Y KOTOPEIX
BEKTOD Z MEPEXOAUT B BEKTOD Y NP IOBOPOTE HA yroa m/2 mpoTWB 4a-
COBOU CTPEJIKM WA 10 9aCOBOU CTPEJIKE COOTBETCTBEHHO. BribOp 0gHOro
73 DTUX KJIACCOB U O3HAYAET 33JaHUE OPMEHTAINM NPOCTPAHCTBA. 1TOOBI
[IATh CTPOrOe ONpeaereHre 3a(pUKCAPYeM OIUH OPTOHOPMUPOBAHHEIN (GA3UC
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{z*,y*}. Jlobou apyrou 6a3mc MOXKET OLITH BEIDAXKEH B BHUE JUHEMHOU
KOMOMHAIIIN

(10.1)

zT=az" + by*
Yy = axx™ + boy*

a1 a2 o
Marpuna ( b b > HA3BIBAETCA Mampuyeti nepexoda ot Gasuca (z*,y*)
1 b2

6azucy (x,y). YCIoBUs, 9TO MATPUIA TIepexo/ia TepeBOJUT JH0O0U OPTOHOP-
MUDPOBAHHLIN 6a3UC B OPTOHOPMUPOBAHHLIN GA3UC 3a,aI0TCS COOTHOIIEHYSA-
MU

(l% + b% = (lg + bg =1, ajas +b1b2 =0 (102)

MmuoxecTBO MaTPHI], Y IOBIETBOPSIOMINX TAKOMY COOTHOIIEHNIO 0003HAYALT-
¢ Oy. Onmpenenurens ao6ou marpunst u3 Oy pasen +1. Bce opTonopMupo-
BaHHEBIE 0a3UCHl EIATCA HA OBA KJIACCA TAK, YTO MATPHUIA IEPEXOTa MEXIY
6asmcaMu OJHOT'O KJIACCA MMEeT OompeaeauTenb 1, a Mexay OasmcaMu pas-
HBIX KJACCOB — omnpenennTenab —1. BeIOOp 01HOr0O 3 yrmoMsSHYTHIX KJIACCOB
¥ O3HAYAET 3aJaHUE 0PUEHMAYUY HA IIOCKOCTH.

3ameuanue. [pynna O(E?) apuxeHuil eBKINI0BOM IIIOCKOCTY He COBHAIA-
et ¢ rpymmoi Q. Mur mumms noctpomtu otobpaxkerue O(E?) — O,. Slapo
5TOro oToOpaxkeHus HeHyseBoe. JII060MYy HapaLIeIbHOMY HEPEHOCY COOT-
BETCTBYET €UHWIHAA MATPULA, TAK KAK MAPAIIEIHHEIN IIEPEHOC, XOTb U HE
OCTaBJIAET HeHO,ELBI/I)KHOﬁ Hn OrqHOI‘/JI TOYKHA IIJIOCKOCTI/I, Ha MHO2XXECTBE BEKTO-
POB IIOCKOCTY JEUCTBYET TOXIECTBEHHO.

Oupepenenne 3. Jeusxcenue naockocmu nasvieaemcs (aazebpauuecku)
COOCTMBENHBIM, €CAU COOMBEMCMBYIOWAL MY MAMPUUL NEPEToda umeem
onpedeaumend 1, u necoGCMBENHBIM, ECAU COOMBEMCINBYIOUAI EMY MAMPU-
ya neperoda umeem onpedeaumend —1.

[pyrumu cnosaMu, COGCTBEHHOE IBUXKEHUE MEPEBOAUT JIOO0OU OPTOHOP-
MUPOBAHHLIN 6a3UC B 6A3UC TOTO XK KIACCA, HECOOCTBEHHOE TTEPEBOAUT JHO-
60U OPTOHOPMUPOBAHHEIN 6a3UC B 6A3UC APYTOrO KIACCA.

OpuenTanuio B IPOCTPAHCTBE MOXKHO 330aTh aHAJIOTMYHO. Kaaccer op-
TOHOPMUPOBAHHEIX 0a3UCOB (M3 TPEX BEKTOPOB!) B NPOCTPAHCTBE TaKKE
[EIATCA HA ABA KIACCA (BCIOMHATE W3BECTHEIE U3 (DU3NKYA MPABUIA IPABOU
u neBot pykum). Takxe 63 CyIECTBEHHBIX U3MEHEHUI ONPEIeIeHne IePeHO-
CUTCS Ha CIyYad TPOCTPAHCTB GOMBIMX pa3zMepHOCTeU. MaTpuIlL, mepeso-
A 000U OPTOHOPMUPOBAHHEIN GA3UC 7-MEPHOT'O JUHEUHOTO TPOCTPAH-
CTBa B OPTOHOPMUPOBAHHEN 6a3uc 06pasyoT rpynmy O.
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JIro6oe nBuxkenue (n-MepHO) cephl MOKHO HHTEPIPETUPOBATE KAK TBU-
xenue ((n+1)-MepHOro eBKINI0BA) IPOCTPAHCTBA, COXPAHAIOMEE (PUKCUPO-
BaHHYIO HENOIBMXHYIO TOUKY (meHTp cdepni). Co6cTBEHHBIE U HECOOCTBEH-
HEIE IBUXKEHUA CHEePHl OMPEneIaiOTCA TEM, ABIAIOTCA U TAKOBEIMU COOTBET-
CTBYIOIUE JBUKEHUS MPOCTPAHCTBA. TakuMm 06pasoM, opueHTaunus chepnl
OIIPEIEIACTCA OPUEHTALMEN OOBEMIIONIEr0 €€ eBKANI0BA MPOCTPAHCTBA.

NBEIMU CIOBAMM, TBUKEHUAMU 7-MEPHOU C(HPEPHI MOXKHO CIMTATD JAHEH-
HEE npeobpaszoBanus (n + 1)-MEpHOro IMHEMHOrO IPOCTPAHCTBA, COXPAHSA-
IOIIye CKAJNIPHOE IPOM3BELEHNEe, 33,1aBAEMO€ IIOJOXUATEIHHO OLPELEIeHHON
KBaIpaTUIHON dopmont 2 + x2 + ... + z2. I['pynma ABMKeHWUI N-MePHOK
cdeper n3oMopdHa Op 1.

[las1 onpeeseHua OPUEHTAN TIOCKOCTH (IPUBEIEHHAA HUXKE KOHCTPYK-
1A Jerko 06061maeTcs Ha 6omee OOMUU CIydal n-MEPHOTO IPOCTPAHCTBA)
Jlo6aeBCKOro BOCIOMB3yeMC s MO AeIbI0 Ha, runepboaonse (cM. raasy 3). I'py-
NIy JUHEVHBIX MTPEeOOPA30BAHUN TPEXMEPHOr0, COXPAHSAIONIAX TUIEPOOTION T
72 +y? — 2% = —c? o6o3nmasmm uepes Os,;. OnpeeuTens MATPUILT TOGOTO
upeobpasosauus u3 O» 1 paBex 1. ['pynna gemxennit mrockoctu Jlobaues-
ckoro spasercs noarpymnmnou O ; ungexca 2 B rpynne Og 1, COCTOAmEH U3
TexX MPeoOpPa30BAHMN, KOTOPHIE COXPAHAIOT KAXK YO IOJOCTh BYTOJOCTHOIO
runep6oIonIa. AHAJOTUYHO CIYYal0 €BKINIOBOU IIOCKOCTY UM ONpEee-
JeHus 1is ChePUIECKOr0 U TUMepOOITIECKOrO CIyIAeB.

Ounpegenenne 4. Jeuncenue cPepor (naockocmu Jobauwescroeo) nasviéa-
emca (aazebpauuecku) cobemeennwvim, ecau 3adatowas ux mampuya ud O
(02,1) umeem onpedeaumens 1, u necobecmeennovim, ecau —1.

Teopema 10.3. Jiwboe anasumuuecky coOCMEENH0E J8UNCEHUE ABAAETNCA
an2ebpaunecky coOCmMeeHHbIM.

JokazaTeabcTBo. IlycTh MBI UMEEM AHATUTUIECKHA COOCTBEHHOE IBUXKE-
uue. KoopaunaTbl 06pa3oB Ga3UCHBIX BEKTODPOB NP IPUMEHEHUUM MHOXKE-
CTBa [IBUXKEHWUU, BBEJICHHOI'O B ONPEEJCHUA AHAIUTUYECKA COOCTBEHHOIO
[OBIKEHUA, ABJIAIOTCA HENPEPHIBHEIMYA (DYHKIUAMA OT . SHAYUT, HEIPEPHIB-
HBIMU ABJAIOTCA BHIPAXKAEMEIE U€De3 HUX MATPUIHBIE DJIEMEHTHI MATPUIIEL
COOTBETCTBYIOLIEr0 JUHENHOIO IPe00Pa30BaHUsA, & TAKIKE €€ OlPENeJUTelb.
TockonbKy HENpPEpHIBHAA (PYHKIUA, NPUHUMAKIOMAA NUCKPETHHIE 3HAICHUA
(B paccmaTpuBaeMoM Ciiy4dae +1), ABIAETCA KOHCTAHTOU, PACCMATPUBAEMOE
IBUXKEHNE ABIAETCA aarebpamdeckn coOCTBeHHBIM. O

Teopema 10.4. Jwboe aszebpauuecku cobcmeennoe 08UNCEHUE ABAAETNCA
2E0MEMPUYECKY, COOCMBEHHBIM.
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HokazaTenbcTBo. Ocrasasem yurareno. O

3apauu

1. okaxwuTe, 9TO Oia JOOOU TMPAMOU HA, IUNIOCKOCTU U JIOOBIX IBYX
€e TO4YEK CyIIEeCTBYET €IUHCTBEHHOE COOCTBEHHOE [BIKEHUE, [I€PEBOIAIIEE
npAMYyIO B cebs, & MEPBYIO U3 JAHHBIX TOYEK BO BTOpyo. (Takue nBmxenus
Oy 1eM Ha3BbIBATh CO8U2aMU 8004b NPAMOT — B CILy9ae BKINIOBOU ILIOCKOCTH
CABUTY €CTb OOLIYHEIE NaPAJLIEIbHEIE TIEPEHOCHL).

2. [Mokaxwure, 9T0 a1060€ HECOOCTBEHHOE NBUIKEHUE ILIOCKOCTH (OLHO-
3HAYHO) NPEACTABIAETCA B BUJE KOMIO3ULUAU OCEBOU CUMMETPUA U CABULA,
(cM. 3agagy 1) BAOJB OCK 3TOU CUMMETDPUH.

3. [JokaxwuTe, 4TO JI000€ COOCTBEHHOE IBUXKEHWE €BKJINIOBA MIPOCTPAH-
CTBA ABIAETCA BUHTOBLIM [BUXEHUEM, T. €. KOMIIO3UIMEeN MOBOPOTA OTHOCU-
TEJIBLHO HEKOTOPOU OCHU U CABUCA BIOJL 9TOU OCH.

6) ChopMymupynTe ¥ IOKAXKUATE AHAJIOCAIHOE YTBEPXKIEHUE NI IIPO-
cTpaucTBa JlobaeBckoro.

4. Toxaxwure, 9TO N-MEPHOE MPOEKTUBHOE IIPOCTPAHCTBO OPUEHTUPYEMO
TOr'Ja U TOJbKO TOI'[d, KOU'Ia 7 HEYETHO.

5. Moxaxure Teopemy 10.4 mis KaxA0ro w3 TPeX TUIOB ILIOCKOCTH.
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3a,ﬂ,a‘-IVI NMNCbMEHHbLIX 3K3aMEHOB

BapuanT 1 (4 pekabps 1994r. Jlektop — B. B.[paconos)

1)

[ — npo6HO-1MHEeNHOE NPeoOpa3OBAHNE IPOEKTUBHON IPAMOM TAKOE,
aro f(a) # an f(f(a)) = a agna vekoTopon Touxm a. [JokasaTh, 9TO
f(f(z)) =z nna Beex z.

Ykazars gpoOHO-IMHENHOE IPEe0OPA30OBAHUE BEPXHEU IIOLYILIOCKOCTH,
cooreercrByomee B Mogeu [Iyanxkape mrockoctu Jlo6aueBCKOro cum-
MEeTPHUU OTHOCUTENHHO §.

IIycte @ u b — cTOPOHBI rUNEPOOINIECKOrO TPEYTOJBLHUAKA, JEXKAIINE
TPOTUB YIVIOB @ U 3 COOTBETCTBEHHO. [oKazaTh, 9TO ecau o > (3, TO
a>b.

Hantu mauny nyru AB opunukia, €Ciau U3BECTHO PACCTOAHME d MEXK Iy
AuB.

[okazars, 9TO AIMHA CPEIHEN JUHUU TunepOoamIecKoro TpeyroabHY-
K& MEHBIIE MOJOBUHEI [JIUHEL IPOTABOIEXKAINEN CTOPOHBL.

Hantu pysgaMesTarbHyo 061aCTh TPYTINLL, TOPOX JEHHOU IBYMS JBU-
JXEHUAMY, 331aBAEMbLIe B MOaemu Ilyankape B HOJTyIIOCKOCTH (POPMY-
gamMu z+— 1 —Zuz— 1/Z.

OnpeeanTs TUI CIEIYIOUEro COOCTBEHHOI O JBIKEHUS IIOCKOCTH JIo-
0GaYEeBCKOr0: KOMIOBUINA Y€THIPEX CUMMETPUAN OTHOCUTENBHO MOCIEN0-
BATEILHEIX CTOPOH KBajapara (B moaenu Kinenna), Bnucansoro B abco-
JIKOT.

Paccmorpum B mpocrpascTBe JI06aM€BCKOrO BHIMLYKIBIA N-TPAHHEBIN
YTOII ¢ BepImHOu Ha abcomoTe. JJ0Ka3aTh, 9T0 CyMMa €ro IBYTPAHHEIX
yrioB paBHa (n — 2)7.
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BapuaHT 2 (12 despans 1995r. Jlektop — B. B.paconos)

1)

[lokazaTk, 9TO M1I000€ HETOXJECTBEHHOE APOOHO-TMHENHOEe mpeobpa-
30BaHUE C HEMOJBWXKHEIMU TOYKAMU a u b umeer Buj

Az —ab
A
z+A—a—>b
3amnucaTs B Brje JPOOHO-IMHENHOrO IPe0OPA3OBAHNA CUMMETPHUIO OT-
HOCUTENLHO runepbommaeckonn npamoit (z — a)? + y? = R? B monean
IIyankape B BEpXHEH MOIYILIOCKOCTH.

CKOMBbKO MHBAPUAHTHEIX MPAMBIX MOXET UMETh COOTBETCTBEHHO DJLIU-
NTUIECKOE, MAPAOOINIECKOE U IANEPOOMNISCKOE IBIKEHIE INIOCKOCTH
Jlo6aesckoro? (Ilpsavas | mHBAPMAHTHA OTHOCHTEJIBLHO IPE0OPA3OBa-
Hus @, ecam p(l) =1.)

[Man npasuibabl runepbommaeckuin eTuipexyroabank ABCD. Tps-
mas [ cummerpuuna mpamou AC oruocuTeasuo mpsavou AB. Ioka-
3aTh, 4TO npsaMee [ u BD pacxogsammecs.

Ha mnockoctu JIo6aueBCKOro MOXKHO €CTECTBEHHEIM 00pa3oM ompee-
auth romoreTuio ¢ neaTpom O u xospdunmentom k # 0. Bepmo Ju,
9TO BTO NMPeOOPA3OBAHME YBEIUIMBALT PACCTOAHUE MEXKIY JHOOBIMUA
nByMs Toukamu B |k| pas?

Bepumner A, B u C Tpeyroasuuka A nexar na abcoaore. Tpeyroas-
Huk A’ nomyyen ua A nocae10BaTEILHEIMEA OTPAXKEHUAMEA OTHOCUTENb-
Ho npaMbix AB; BC u AC. Ecrte au o6mue ToYku (BHyTpU WIM HA
rpasune) y TpeyroasHukos A u A’?

a) Paccmorpum B npocrpanctse Jlob6adeBckoro Tpexrpanusm yroa 1’
C BEPIIMHOU B TO4YKe o0 B Mojeau Ilyankape B moiynpocrpancree. Es-
KIUJ0BA IIOMA L cedenus 1 opucdepon z = a paBua S. Borauciurs
ob6beM uvactu T, jexamen B 00IaCTH 2 > @, €CAu U3BECTHHL S U a.
(OmemenT o6vema B Mogenu Ilyankape B MOIynpOCTPAHCTBE 33,1a€TCA
drdydz )

23
0) Jokazarb, 9T0 06bEM TETPadAPa C BEPIIMHAMYA HA a0COMIOTE KOHE-
9ECH.

dopmynon dV =
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BapuaHT 3 (3 nekabps 1995r. Jlektop — B. B.lpaconos)

)

az+b

cz+d’
pz+q

qgz+p

MlokazaTk, 4TO J11000€ APOOHO-IMHENHOE NPeoOpa3OBaAHMe 2 —

COXpaHsoIlee eqVHUYIHLIN KpyT |z| < 1, umeer Bupg z — rae

Ip|* — lg|* = 1.

[loxazaTb, 9YTO KOMIO3UIUIO CAMMETPUN OTHOCUTEIBHO TPEX MPAMBIX
OMHOI'O IIyYKa MOXHO IIPEACTABUTH B BUAC CUMMETPUN OTHOCUTEJIBHO
OJIHOU TIPSMOMU.

[lokazaThb, 9TO OKPYKHOCTH PA3INYHEIX PAIUYCOB " 1 R MOXHO pa3me-
CTUTH TaK, YTOOBI UX 061_une BHCITHVEC KAaCATEJBHBIC HE MMEPECEKAINUCH.

CymecTByeT 1 HeTOX IeCTBEHHOE nBmkenue 2 — f(z) miockoctu Jlo-
6a4eBCKOr0, M KOTOPOrO PACCTOSHUE MEXAY TOYKamu 2 u f(z) mo-
CTOSIHHO?!

PaccmorpuM Brimykasm deTspexyroabuk ABC D ¢ npaMBIME yryaMu
A, B, C u BuiGepem Ha otrpeske CD touxky P rmak, uro BP = AD.
[oxazats, uto ayuu BP u AD mapanienbHs.

[oxazaTs, 4TO J000€ OBUMXKEHUEe Mogeau llyaHkape B Kpyre MOXHO
IPEACTABATH KAK KOMIIO3UIWIO CUMMETPUN OTHOCHTENLHO rUnep6oum-
9ECKOU NPAMOU U €BKJIU0BA IBIKEHUA KPYra.

[lokazaThb, 9T0 K ABYM ILIOCKOCTAM B IPOCTPaHCTBE JI06a4eBCKOro He-
b3 mpoBecTu 60jee 0AHOrO OOLIEro NEePIeH UKy IIPA.

BapuaHT 4 (18 despans 1996 . Jlektop — B. B.paconos)

)

2)

[lokazaTb, 9TO ABUKEHME ILIOCKOCTHU JloGadeBckoro B Mogean Kien-
Ha, OyIeT eBKINIOBEIM IBUXXEHUEM TOI'A, U TOJBKO TOr'AA, KOI'Aa OHO
OCTABJIAET UEHTP OKPYKHOCTH MOIEIN HA MECTE.

[okazars, 9TO NIUHA TPETHEU CTOPOHBI TPEYTOJBHUKA CO CTOPOHAMM
a, b u yriom Mex gy HUMU Y MOHOTOHHO 3aBUCHUT OT 7.

74



3)

Ykaxwnre PyHIAMEHTATBHYIO 00IaCTh IPYNIBI ABMXKEHUU ILIOCKOCTH
JIo6aeBCKOro, MOpOX IEHHOU [BUXKEHMEM, KOTOpOe B Monean lyanka-
pP€ B BEpXHEU MOIYyILIOCKOCTH 330aeTCA 2 — 22.

OxpyxHocTb (1 pacnonoX)eHa BHYTpU OKPYKHOCTU (g, PACIOIOXKEH-
Hou BHyTpu OKpyxHOCTU O3. OmucaTs BCe BO3MOXHBLIE KOH(DUTY DALY
00pa30B BTUX OKPYXKHOCTEU MOCIE APOOHO-IMHEMHOrO MPeoOpa3oBa-
HUSL.

Y ueTHIpexyroibHUKa Ha II0CKOCTH JI06aueBCKOro paBHEI IIPOTUBOIO-
JIOXXHEIE CTOPOHHL. [[0Ka3aTh, 9TO IPsAMEBIE, HA KOTOPKIX JIEXKAT IIPOTH-
BOIIOJIOXKHBIE CTOPOHBI, DACXOIAMINECH.

R — pajuyc kpyra, ILIOMa b KOTOPOTO PABHA TLIOMALN TPABUILHOTO
8-yrompauka ¢ yraoMm 7 /4. O603HaMM Yepe3 a yro NapallelbHOCTH,
coorBercrBytomun orpe3ky R/2. [lokasars, 9yTo tga = 2.

[Byrpanuuiu yroa ky0a B IpOCTPAHCTBE JIOGAYEBCKOT0 PABEH (, YOI

e g1
Mexay cropoHamu rpanu pases (. [lokasars, 94TO sin 2 CoS 3 = 5

BapuaHT 5 (22 pexabps 1996 r. Jlektop — B. B. Mpaconos)

1)

2)

3)

KakoBo B3amMHOE PACIIOJIOXKEHME Maphl IPAMBIX, CUMMETPAYHBIX OT-
HOCUTEIbHO TOYKY (HapaJUIETbHBIE, IEPECEKAIOMMNECT NI PACXOLAIIT-
ecsa)?

Kaxoe mambosbiiee KOINIeCTBO HEMEPECEKAIOUMXCS MOLYILIOCKOCTEN
MOXHO PACIIOJOXUTH HA, MIOCKOCTH Jlo6aueBcKoro?

Jlyd mamaeT Ha OPAMYIO M OTPAXKAETCS IO 3aAKOHY «yI'OJ A IEHUsA PABEH
yIuy oTpaxkeHus». HanmcaTb ypaBHEHNE OTPAXKEHHOI'O JIy4a B MOIEIA
Kuenna B equHUYHON OKPY2KHOCTH, €CJIM Jyd UIET IO OCU aOCIuUCe, a
«3epKajJoM» sBiaseTca npaMai ax + by =1 (vVa? + b2 < 1).

Opunuka kacaercsa cTOpoHel AB u npomomxenun cropon CB u CA
Tpeyroapuuka ABC. Jokasats, 9TO

sin%+sin§:cos%.
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5)

[oxazars, 4T0 11060€ HECOOCTBEHHOE NBINKEHUE ILIOCKOoCcTH JIlobades-
CKOI'O IPEACTABISETCS B BU€ KOMIIO3ULMAYA CUMMETPUN OTHOCUATEIBLHO
[PAMOYU U TUNEPOOMUIECKOTO IBUKEHUA, IEPEBOIAMEr0 DTy IPAMYIO B
cebs.

B rpexmeprom npoctpancTee JI06a9€BCKOrO COGCTBEHHBIE IBUXKEHUA
f u g nveroT (pasiauvnbie) O6LIME HEMOABUKHEIE TOYKM HA abCOTIOTE
A u B. [lokazats, uto fg = gf.

Yucna aq, ag, .. ., @y, DpuHagaexamue uatepsany (0, 7), TAKOBEL, 9TO
nx cymma Menbiie (n — 2)m. Jlokaxwnre, 9T0 Ha miockocT Jlobades-
CKOT'O CyIEeCTBYET ONUCAHHEIA 7-yTOJbHUAK C TAKAMK YIJIAMMA.

BapuanT 6 (16 mapTa 1997 r. Jlektop — B. B.lMpaconos)

1)

Hautu guxenus mrockoctu JlobadgeBckoro, koropuie B mogenu [lyan-

. ? .
Kape B MOJIYILIOCKOCTH IIEPEBOAAT TOUKY 1449 B — 5 & TOIKy —1+43
144
B .
2

CyiecTByeT i IpsiMast, IEPEeCceKarolas Bce IPsSMbIe U3 JAHHOT'O Iy IKa
MaPAIIENbHBIX !

Cropona AB B o ABC saBaseTcs muaMeTpoM omucanHou BOKpyr A ABC
oxpyxuocTu. Jlokasars, uro ch? Rtgatg S = 1 (R — paguyc omucan-
HOU OKPYXHOCTH, @, 3 — yruiel npu BepmmHax A, B cOOTBETCTBEHHO).

Nwmerorca gee pacxonpsmuecs npamuie [/, 1) paccTosanume Mexny HuME
d. Wa rouxu O, nexamen Ha [’ 1 06mem neprnergukyaspe K I’ u 1", mo
mpsamou I/ HaYuHAET PABHOMEPHO CO CKOPOCTBIO U ABUT'ATLCA JACTUIA.
HauTu 3aBrCHMOCTL OT BPEMEHU PACCTOAHUA OT YACTULEL A0 MIPAMOU

1.

B mogenun Kaenna cropona ocTporo (runep6oamdecKoro) yria mpoxo-
[OUT 9epe3 neHTp Kpyra. Jokasars, 9T0 BeIMINHA 3TOr0 yIa MEHBIIE
BEINYIMHBI COOTBETCTBYIOIIEI0 €BKIN 0B yTJIA.

a) Ilpamas mepecexaer rumepruka B Toukax A u B. [Jokasars, 4T0
YIVIEL, 00pa3yeMble KaCATEMbHEIMY K TUIEPIUKIY B 9TUX TOIKAX U 3TOU
TIPAMOU, PABHEIL.
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6) PaccmoTpum npouseoasayio Touky C Ha myre AB runeprukaa. [o-
Ka3aTh, 9TO BeamyuuHa o + 3 — v me 3aBucut oT BEIGOpA Touku C (a,
B, v — yruet Tpeyroasauka ABC).

Orpanunvenue IBUXEHUS TPEXMEPHOTO MPOCTPAHTCBA JI06aeBCKOTO
az+b

cz+d
[loxazaTh, 9TO 3TO ABUKEHUE ABIAETCA TOBOPOTOM BOKPYT HEKOTOPOU

npamon Ha 180° Torga um TOIBKO TOrma, koraa a + d = 0.

Ha a0COMIOT 33a4aeTCs APOOHO-IMHENHBIM NPeoOpa3sOBaHUEM

BapuaHT 7 (13 pexabps 1998r. Jlektop — O. B. LLIzapuman)

1)

2)

Hawitu ob6aacts Jupuxne D(z) rpynmet SLy(Z) ¢ nenTpoMm B TOUKe
20 = %

W3 Touxkm B, nexammen Ha CTOPOHE UAEATLHOIO TPEYTOIBHAKA, OMYIIe-
HHl nepresqukyJsipsl BA u BC Ha aBe gpyrue cTopoubl. HanTu yron
ABC.

[loxazaTb, 9TO AMaMeTp OKPYXHOCTU, BIMCAHHOU B TPEYT'OJbHUK, HE
npeeBocxoaut In 3.

3agagum tpu opucdeps ypasuenuwsvu (l;,z) = vV—z? (i = 1,2,3).
Hantu ycrnoBus Ha BEKTODHI I;, IPU KOTOPHIX OpUCdEphI MOMAPHO Ka-
CaIOTCA.

MoOXHO 171 32aMOCTUTH IPABIILHLIN TPEYTOIBHUK €O cToporon 100 mpa-
BWIBHEIMU TPEYTOJbHUKAMHA CO CTOPOHOU 1 7

Hautu TO4YKy, CymMMa pacCTOSAHUN OT KOTOPOU IO CTOPOH UIEATHLHOIO
TPEYrOIbHUKY, MUHIMAILHA.

CKOML3AMAA CUMMETPUA MOTYYeHa B PE3YIbTATE KOMIO3UIINN OTPAKE-
HUM OTHOCUTEIBLHO TPEX CTOPOH UACATLHOIO TPEyroJbHUKA. HalTu
a) UHBAPUATHYIO IPAMYIO,

0) BeIMYUHY CABUTA BAOJL TPAMOM.

Mannl eBkaMA0B U runepboanydeckuin Tpeyroapauku ABC u A'B'C’ ¢

OIMHAKOBLIMI COOTBETCTBYIOIIMMHU CTOPOHAMHU. Jl0KA3aTh, 9TO MeIu-
ana AM pmunrnee, yem meguana A'M'.
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BapuaHT 8 (10 pexabps 2000r. Jlektop — O. B. LLlrapuman)

1)

DkBuAUCTAaHTA, Npoxogamas depes Touku C1 u Cy, nepecekaer abco-
JaioT B TOUKax Ay u As; npavere A1C1 u A>Cy nepecekarTcsa B TOUKE

0. Nokaxute, yro OC; = OCs.

Hautu paguyc HambOmbIen OKPYRXHOCTH, KOTOPYIO MOXHO BIUCATDH B
IeCTUYTONBHUK.

Ha mnockoctu JIo6a4eBCKOr0 MOXHO OIPEAeINTh IOMOTETHUIO AHAJIO-
CUYHO €BKAUAOBY cay4awo. Jokaxure, 4T0 B Mogeau Kuenna romo-
TeTua ¢ HEHTPOM B HEeHTpe Mojeau u koddhdunmentom 1/2 nepesoqut
npsMbIe B PUCYPHI, ABIAIOIMECA NPAMBIME B Moaenu [lyamkape.

PaccMoTpuM KOMIO3UIUIO TPEX MOBOPOTOB BOKPYL™ BEPIINH HEKOTOPO-
0 TPEYroJbHUKA. BennydrHa moBOpOTa B KAXKIOM CIy9ae PABHA, yABO-
€HHOMY YTUIy TIPU COOTBETCTBYIOLIEN BEPIINHE, HATIPABICHNE TIOBOPOTA,
BCErla BEIOMPAETCA MPOTUB YACOBOU CTPEIKU. I1lOCIeqoBaTEeILHOCTH
TIOBOPOTOB COOTBETCTBYET 0OXOY BOOJb KOHTYPA TPEYOJbHUKA, TIO
YaCoBOU CTpenke. BepHO i, 9TO pacCMaTpUBAEMOE IBUKEHUE BCETa,
SIBIIAETCS TOX JECTBEHHEIM 7

Tpu mpsAMBIE IEPECEKAIOTCA B OQHOU TOYKe HA abcomore. [Jokaxure,
9TO CyIIECTBYET TPEYrOJbHUK, I KOTOPO'O DTU MPIMBIE SBISIOTCS
CePEeIUHHBIMY [IEPIEH UKYIAPAMEA K CTOPOHAM.

B wermipexyroapuuke ABC D BBIIOJIHSIOTCSA COOTHOLIEHUS
/A+/B=/C+ /D, AD=BC.

[oxaxwure, uro AB = CD.

BapuanT 9 (9 mapTa 2001r. Jlektop — O. B. LLIsapumaH)

1)

Paccrosunsa mex 1y mapamu npOTHBOIOIOXHEIX CTOPOH YeTHIPEXyrOb-
HUKa, C BEPIIMHAMU Ha a0COJI0Te paBHH a u b. [lokaxwure, 94TO

b

a
h—-sh-=1.
sho-sho
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2) Bce yrinl TPEYrOABHUMKA PABHEI (. PaccMaTpuBaeTCA KOMIO3UIMA
TPEX TMOBOPOTOB HA, yroi « (MPOTUB YACOBOU CTPEJIKHU) OTHOCUTEIb-
HO €ro BepuH (BEePIIMHEL OOXOMATCA N0 9acoBou crpenke). Hamgure
HEMOABMKHBIE TOYKHU 3TOr0 Hpeobpa3oBaHus (BKIOYAA TOYKA Ha, ab-
comoTe).

3) OKBUAWCTAHTA U NMPAMas IEPECEKAIOTCA B ABYX TOYKAX Ha aOCOJIIOTE.
Koneuna mu miomagbs 061aCTH, 3aKII0YEHHON MEX Iy HUMU?!

4) B BrmykiaoM runep6oamaeckoM deTrpexyroisauke ABCD yrawt A un
B npsawsie, a ayuu AB u DC napamnenssl. [Jokaxure, 9T0

|CD| _ sh |AD|
sh|BC|"

5) [lns xaxg0ro u30TPOMHOIO BEKTOPA € (B TPEXMEPHOM NPOCTPAHCTEE
C TICEBOCKANAPHBIM IPOU3BEIEHNEM CUrHATYDHI (2, 1)) 0603HaqmM |e-
pe3 O, opuluki, 3ajaBaeMell ypasHenueM (e,z) = \/—(r,Z) B Bek-
TopHou Mogemu miockoctu Jlobadesckoro. Hamaure meoOxoguMmbie u
MOCTATOYHBIE YCJOBUA HA [BA M3OTPOMHBIX BEKTOPA €1 U €3, ITOOBI
oputukiet Og, 1 0., KacaIuch APyr gpyra.

6) Brmmykuwm runepGomndeckunn deTeipexyroabHuk ABCD Takos, 4To
ayau AB n DC napannenvusl u aysu AD u BC Toxe mapajlienbHbL.
[oxaxwure, 94TO

|AB| + |BC| = |AD| + |DC!|.

BapuanT 10 (16 pexabps 2001 r. Jlektop — B. O. ByraeHko)

1) Ha cdepe nposenessr gse paBubie gyru 6oabmoro kpyra AB u CD.
[lokaxuTe, 9TO HAUIAETCA Takasa TOYKa M, 4TO chepudeckue Tpe-
yroapuuku M AB n M CD paBHbL

2) Ha npoextusnou miockoctu npsameie AM u BC nepecekanTcs B TOY-
ke Ay, npamele BM u AC — B Touke B;, npamele CM u AB —
B Touke C1, a mpavee A1B; u AB — B Touke X. [lokaxurte, 910
[A,B,C1,X] = —1.

3) Ilycts f m g — npoeKkTUBHEE NPEOOPA3OBAHUA, OCTABIAIOLIME HEIIO-
OBUXKHBEIMA TOYKY A U KaXIYI0 TOYKY NPAMOU £, He IIPOXOISLIEN e-
pes A. Nlokaxure, uto fg = gf.
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4)

Hazoeem opurpeyroasHukoM Gurypy Ha miockocTu JlobaueBckoro, or-
PAHWYEHHYIO TPEMs AyraMy HOMAPHO KACAIIMXCS OPULUKIIOB.

a) [JoxaxwuTe, 9TO BCE OPUTPEYTOJbHUKA DABHHL

6) Hannure paanyc OKpyXHOCTHU, BIMCAHHOU B OPUTPEYTOJbHUK.

Bce yrum mecTuyroasHUKa Ha IIOCKOCTH JI0624¥€BCKOIO PABHHI, [IIH-
HEI IPOTUBOIOJOXHEIX CTOPOH TakXe paBHHL JlokaxwurTe, 4TO aua-
TOHAJIN, COERUHAIOIIE IPOTUBOMIOJOXKHEIE BEDIIINHEL, IEPECEKAIOTCA B
OJHOM TOYKE.

[ Bmxenue mWIoCKOCTH JIOOAIEBCKOr0 ABIACTCA KOMIO3UIIAEH TPEX CUM-
METPUN OTHOCUTEIBHO MOCJAEJOBATEILHEIX CTOPOH TPEYT'OJILHUKA, C BED-
MINHAMU HA a6COJHOTe. CKO.HBKO HEIO IBUXHBIX TOYEK UMEIOT 3TO IBU-
JKEHUE U ero OrPAHUYEHUE HA, a0COTIOT?

[oxaxwuTe, 9TO K OBYM CKPEIIMBAIOIIIMCSA MPSAMBIM B IPOCTPAHCTBE
JIo6aveBCcKOro CymecTByeT POBHO OQWH OOIIUY EPIEH INKYJIIP.

BapuanT 11 (24 despans 2002r. Jlektop — B.O. Byraetko)

1)

[uaronanu chepudeckoro detuipexyroabuuka ABCD pasuwl dy u da,
nepecekaioTcsa B Touke O mog yriaoM ¢ U geasrcesa Toukou O momonam.
Hangure paccrosaus mexay Toukon O U TOYKAMU nepecedeHus che-
puyeckux npsameix AB u CD.

IIycTe adpduunoe mpeobpasoOBaHME HEPEBOAUT KOHEIHOE MHOXKECTBO
TOUeK B €e0s (3TO BHAYWT, 9TO KAK A TOIKA MHOXKECTBA [EPEXOIUT
B KaKyI0-TO TOYKY TOr0 e MHOXeCTBa). [JokaxkuTe, 9T0 OHO UMeeT
HEIOIBMXHYIO0 TOYKY.

Touku A, B u C' eBKIUIOBOU IIOCKOCTU JexaT Ha npavon £. Ha or-
peskax AB, AC u BC xak Ha ouaMeTpax MOCTPOEHEI OKPYXHOCTH.
OKpyXHOCTBb W KAaCaeTCs BCEX TPEX HOCTPOEHHBIX OKpyxkHOcTen. [o-
KAXWTE, 9TO IMAMETP OKPYKHOCTH W PABEH PACCTOAHUIO OT €€ HeHTPA
10 mpamou £.

IIpoekTuBHOE MPEOOPA3OBAHME ILIOCKOCTH IIEPEBOIUAT BEPIIMHLI KBa-
mpata ABCD B cebs caegytoumum obpaszom: A — A, B— C,C — D,
D +— B. CymecTByeT Ju OpsaMas, IePex0Iaiias B ce0sa npu 3TOM IIpe-
o6pasosanuu’?
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5)

6)

I[OKa)KI/ITe, 9TO0 BCE OIIMCAHHBIC ‘IeTpreXyFOJII)HI/IKI/I C BepIHI/IHaMI/I Ha
abcomtore wWIOCKOCTH JI06a4EBCKOrO PABHEL

[MokaxuTe, ITO IPAMOYTOIBHEIN MECTUYTOIBHAK Ha IIOCKOCTH JI06a-
9YE€BCKOT0 OJHO3HAMHO 33JaeTCA IIMHAME TPOUKHY MOMAPHO HECMEKHEIX
CTOPOH (T. €., 9TO AuaA JO60M TPOUKA MONOKUTENBHEX TUCEJ IEeCTH-
YTOJBHUK C COOTBETCTBYIOIIMMY LINHAME CTOPOH CYIIECTBYET U AMH-
CTBEH).

MoOxXHO0 1 BOCCTaHOBUTEL COOCTBEHHOE IBMKEHME ILIOCKOCTH Jlobades-
CKOI_‘O7 €CIn N3BE€CTHA KOMIIO3UILIUA 3TOI'O rE[BI/I}KeHI/IfI n OpTOFOHaJII)HOI‘;I
[IPOEKUMY HA HEKOTOPYIO NPAMY0?

IIycTte orpanudeHre Ha abCOMIOT COOCTBEHHOI'O NBIKEHUSA TPEXMeEp-
HOI'0 IPOCTPAHCTBA JI00a4eBCKOro uMeeT ONHY HENOABUXKHYIO TOYKY.
llokaxuTe, 9TO OHO HE MMEET HEIMOIBMXHBLIX TOYEK B IPOCTPAHCTBE
Jlo6aueBckoro.

BapuaHT 12 (1 pekabps 2002r. Jlektop — B.B. Mpaconos)

1)

B R? namwr mpamsie Iy, Iy, 3. Tpavsie a, b, ¢, d mepeceKaioT Kax Iyio 13
STUX TPeX NPAMEIX. [[OKa3aTh, 9TO ABOMHEIE OTHOMICHUSA I 9€TBEPOK
TOYEK, JEeXAIUX Ha HOPAMEIX [, [, [3, oquHAKOBHIE.

Paccmorpum Ha miockocTu JIo6a4eBCKOro MHOXECTBO TOYEK, yAAJIEH-
HBIX H3, PACCTOSHUE He 0oJee I OT JAHHOI'O OTPE3Ka MINHLI d. Borawm-
CIUTH JJIUHY KPUBOU, OCPAHUYUBAIONIEN 3TO MHOXKECTBO.

W3 cepeausbl runoTEHY3HI IPAMOYTOJBHOIO TAMEPOOINIECKOrO TPEY-
TONBHUKA, OMYINEH NEPIEHIUKYAAp Ha KaTeT a. [JokasaTh, YTO AIWHA
DTOr0 MEPIEHIUKYJIAPA, MEHbIIE TIOJOBUHEI KATETA, b.

CKOMBKO CyIIECTBYET NBUKEHUU ILIOCKOCTU JIOGAYEBCKOT0, TIEPEBOIs-
mux B cebA: &) JAHHLIM OTPE30K; 6) JAHHLIN JIyd; B) JAHHYIO OIPAMYIO?

Man yroa /AOB na mnockoctu Jlo6adesckoro. Touka X aBmxkeTcs 1mo
ayay OA. U3 roukn X onymen nepnenauxyasap X H na mpsamyo OB.
Berauncmnrs limyxy o ZOXH.
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6)

7)

OKBUIUCTAHTA, yIAJCHHAS HA, PACCTOAHUE d OT JAHHOU MPSAMOMU, TIepe-
cexkaer abcomoT mog yrioMm . Jlokasars, 9TO (p — yroJa IapaJiienb-
HOCTU [JisA PAcCTOsAHUA d.

Brraucants miomans cgepbl paanyca r B IpocTpaHcTBe JIo6adeBCcKo-
ro.

BapuaHT 13 (16 despans 2003 r. Jlektop — B.B.[Mpaconos)

1)

[lBorHOE OTHOLIEHUME YeTHIpEX TO4YeK paBHO A. Kakue 3nadeHus mo-
JKeT NMPUHUMATL ABOVHOE OTHOIIEHUE TEX YK€ CAMBIX YeTHIPEX TOYEK,
B3SATHIX B IPYTOM HOpsIKe?

[lokaxuTe, YTO MHOXECTBO TOYEK, PABHOYJAJEHHLIX OT NBYX JAHHBIX
PACXOISAIMXCS IPAMBIX, SBISETCS IPSIMON.

B mogemu Ilyamkape B BepXHEU NOLYIUIOCKOCTH JAHBI TOYKU 2 U W.

z—w

IMomoxum t = H [lokaxuTe, YTO PACCTOSHUAE MEXK Y TOIKAMUA 2
z—w
+1

“ w paBHO In 1-¢

IMycte g1 m go — HETOX AECTBEHHBLIE COOCTBEHHEIE ABUXEHUS ILIOCKOC-
Tu Jlo6aueBckoro. U3BecTHO, YTO ¢1g2 = g2g1 U ABUMXKEHUE ¢ napabdo-
aumdeckoe. [lokaxuTe, YTO JBUXKEHUE go TOXKE MAPAOOIUIECKOE.

[JlaH BHIMYKJIBIA YeTHIPEXYTOIBLHUK, BCE YIVIEI KOTOPOro ocrpeie. [lo-
KaxXXuTe, 9TO IPAMBIE, Hd KOTOPHIX JeXaT ero IPOTUBOMIOJIOXKHBIE CTO-
POHEI, PACXOIAIIMECH.

ITIycte g1 m g2 — COOCTBEHHBIE NBIMXKEHUA IIOCKOCTH Jl0OadeBCKOro,
UMeIomye O0IIy0 HeTIOABMXKHYIO TOUKY Ha abcomoTe. [JokaxuTe, 9TO
OBUXKCHUE §1020 ! gy ! mapa6ommaeckoe.

[Be mnockocTu B npocrpancTse JI06aIEBCKOro He IePeCceKarnTCs.

a) O6a3aTeaBHO U CYyIMECTBYET IMIOCKOCTD, UM TEePIeH UKy IAPHAAT

6) O6s3aTEIbHO U CYIECTBYET NPAMAA, UM [NEePIeH UKy IADHAAT
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Pewwenns n3bpaHHbix 3aaau

B mymepanuu 3a5a4 CHaAYANA NAET HOMED [VIABHL, & 3aT€M — HOMED 33/~
4y B ruase. Hywmepauus 3aja4 w3 TVIABHL «330a49U NUCHMEHHBIX DK3aMEHOB)
HA4YUHAETCS ¢ OYKBEL «J», 3aTeM MAEeT HOMED BAPUAHTA U HOMED 3a134u B
BapUaHTE.

1.15. a) Homoca chepruvIecKux IPAMBIX, IEPECEKAIOMUX NAHHYI TOY-
Ky A, 3aMeTaT OKPYXHOCTb OOJBLIIOrO KPyra, a UMEHHO, MOJAPY TOYKA
A. TloaToMy paccMaTpUBAEMBbIE TOIAPEL 3aMETAIOT Mapy CHEPUIeCKuX ABY-
YL OJIBHUKOB, OOPA30BAHHEIX [TOAAPAME KOHIIOB JAHHOI'O OTPE3KA.

6) Houapsr chepuyecKux MPAMEIX, NEPECEKAIONNX NaHHBIE OTPE3KH, 3a-
MEeTal0T MHOXECTBO, ILIOIIAIL KOTOPOro MeHbIne 47 R, mosTomy Ha cdepe
HaWJETCA TOYKA, HE JeXKaIlas B 9TOM MHOXeCTBe. IloaApa >TOU TOYKM HE
IepeceKaeT HU OJHOIO JAAHHOI'O OTPE3KA.

4.14. a) Ilycts Ay u By — cepenunst ctopor AC' u BC cOOTBETCTBEHHO.
Onyctum u3 Bepumusl C nepnengukyaap CH ua mpsavyio A; By u paccmo-
TpuM TO4YKYU Ao u By, cuMmMmeTpudansle Touke H oTHOCHTENBLHO TOYeK A u By
cOOTBeTCTBEHHO. Jlerko mposeputs, uto Ay # Bs. B Tom cayuae, korga H
JEXKUT HA OTpe3ke Ay By, 5T0 04eBuHO, a eciin H monamgaer Ha Npoq0KeHne
orpeska Ay By, 1o paBencTBO A1 H = By H BBIIOJHATLCA HE MOXKET, I09TO-
My HE MOXET BHINOIHATHCA U paBeHCTBO As H = BsH. Takum o6pasowm,
Touku As m By OJHO3HAYHO OmpemensioT mpaMyio Ay By, mosToMy noCTa-
TOYHO [0KA3aTh, YTO PACCMATPUBAECMBIN MEPHEHAUKYJIAD [, BOCCTABICHHBIN
u3 cepequHbl oTpeska AB, nepnenaukyJsper npsavou As Bs.

Tpeyromvuuxu A CH u A; AAs (a Takxe Tpeyroasuvuku B CH u By BBs)
SABIAIOTCA PABHLIMU MPAMOYTOJILHEIMUA TPEYTOJLHUKAMHU, TOITOMY B UETHI-
pexyroabvauke AA; By B yriawl npu BepmuHax As u By mpsAMEbie, a CTOPOHE
AAy u BB, pasnst (06e ouu pasabl CH). Takol 4eTHIPEXYTOIbHUK JOLKEH
MMETb OCb CUMMETPUH, IPUYEM OHA JOKHA COBHACTL ¢ npsamon [. Caenosa-
TeapHO, | | AsBs.

6) Cuayvail COBHAJAIOMUX NPAMEIX OYEBHUEH, IOITOMY OyAeM CIATATH,
9TO NPAMBIE, T30METPUIHO OTOOPAKAIMECA APYT HA OPYra, HE COBIAIa-
oT. BoaMoxHbEI 1Ba Caydas.

1) [Oea pasmuunbix otpeska X X' u VY’ mmeror obmyto Touky M. B
TAKOM CJIydae PacCMaTPUBACMAA M3OMETPUS SABIAETCA CUMMETPUEN OTHOCU-
TeabHO TOYku M.

2) Cepenunnl Bcex oTpe3kos Buga X X' momapuo pasmuusw. [Iycts P,
@, R — cepenunn oTpeskoB X X', YY', ZZ'. [ocTaTO9HO AOKA3aTh, 9TO
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Touku P, (), R nexar na omguou mpsimou. Ilpw cummeTpmm OTHOCHTETBHO
rouku P rtouku X,Y, Z nepexonsat B Touku X’ = X', Y" u 7" nexamme
Ha oguou mpamou. Ilpu »rom mpamas PX’ ABaseTcs CepequHHBEIM TEPIEH-
muKyaapoM kK orpeskam Y'Y u Z'Z". TlosToMy coriacHo 3anade a) mpsamas
PX’ 6yner neprnenaukyiaapra npameim PQ u PR. CaenoBaTerbHO, TOYKA
P, Q, R nexar HA OJHOU IPIMOU.

4.15. a) Touka mepecedenus AByX GUCCEKTPUC TPEYTOILHUKA, PABHOY 1A~
JIEHA OT BCEX €r0 CTOPOH, IODTOMY OHA, JEXKUT HA TPeThel OUCCEKTPUCE.

6) IIlycte M — cepeauna ctopousl AB, P u () — cepequHbl CTOPOH
AC un BC. Paccmorpum monens Kieuwna u momectum Touky M B mEeHTD
kpyra. Cornacuo 3anade 4.14 cepeqUHHBIN TEPNEHIUKYJIAP K OTpe3ky AB
OyeT mepneHguKy/asapeH mpamou PQ. ITo 03HAaYaeT, 9YTO B €BKIMIOBOM
Tpeyroasauke ABC otpesok P(Q) Gyner mapamnenen cropoue AB. B Takom
crygae orpesku AQ m BP nepecekaroTca B Touke K, mexaren Ha, OTPE3Ke
CM. B camom gene, npu (€BKIUJOBOM) rOMOTETHH C HEHTPOM K OTpe3ok
P(Q nmepexomut B 0Tpe3ok BA, mosToMy mpaMas, COEIMHAOMAA CEPEIUHEI
9TUX OTPE3KOB, MPOXOAUT Uepe3 TOuKy K.

B) Paccmorpum mogens Kuenna u momectum TOUKy A B HEHTD Kpyra.
B rakowm cayvae runep6onunueckue Beicorel BBy u CCy 6yayT u eBKaugo-
BeiMu BeicoTamu. OHu mepecekarorcs B HekoTopou touke H. Ilpsavas AH
OyeT eBKIMAOBLIM HepreHuky/aspoM K mpsavou BC. Ho AH — gmamerp,
nostomy AH GymeT u runepbOIAYecKUM NepneHuKyaaspoM K npamon BC.

5.9. B Tom ciydae, korja ABa CEPEIUHHBIX MEPIEHINKYIIPA HepeceKa-
IOTCA B OHOU TOYKE, YTBEPK JCHUE OYEBUTHO, TOT 1A BEPIIUHE] TPEYTOJLHI-
K& JIeXAT Ha OJHOU OKPYXKHOCTH.

B Tom cayuae, korga aBa CepeqUHHBIX MEPIEHANKYIAPA, TAPALICIbHEL, UX
MOXHO CIUTATH Jy9aMU B BEPXHEN MOLYILIOCKOCTH, mapaeasaevMu ocu Oy .
Tor',qa BCeE BeleII/IHI)I TpeyFOJII)HI/IKa JexXaT Ha OAHOI‘/’I BBICOTE Ha BEIIECTBEH-
HOU OCBIO, IODTOMY BEPIIMHEI TPEYTOIBHUKA, JEXKAT HA OJHOM OPULMKJIE, 8
TPETUN CEPEAUHHLIN MEPICH IUKYAAP OyAeT JIydoM, napameibasiM ocu Oy.

B Tom cayuae, kKorga [Ba CepequHHBIX MEPICH IUKYIAPA MePICH TUKYIAP-
HEI HEKOTOPOU TPAMOU [, BCE BEPIIUHLI TPEYTOJILHUKA, YIAJIEHBL OT IPAMOU [
HA OJHO U TOXE PACCTOSHUE, TO €CTh JEXKAT HA OJHOM MUIEPIUKIE, I0ITOMY
TPETUN CEPEAVHHBLIN IIEPIEHINKYIAD TOXKE MEPIEH INKYAAPEH IPAMON [.

3a04HO MBI JOKA3aJad, YTO JIOOBIE TPU TOYKK JeXKAT Jub0 Ha OTHOU
OKPYXHOCTH, JUOO HA OJHOM OPHUIUKIE, TU00 HA OJHOM TUIIEPIUKIE.

5.11. [yra P() OKpy:XHOCTH, OPUIMKJIA WIN TUIEpUUKIa 00pasyeT B
toukax P u () pasHbe yran ¢ (runep6oamdeckon) npavou PQ. Hycrs ag,
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B1 m 1 — yrusr, coorBercrByomue nyram BC, CA u AB. Torga B ciygae
OKpyXHOCTU @ =TT — 31 — Y1, B=7T—@a1—"71, ¥ =7 —a1 — 1, a B CIy4dae
OPMLVKIIA WIU MMIepuuKIa @« = y1 — f1, B =m —a1, y=7— a1 — P1.
Takum o6paszom, a+ 3 —y = +(m — 2v;). IIpu aTOM yroxa 7y, HOCTOsHEH, TaK
KaK OH COOTBETCTBYeT MoCTOsAHHOU ayre AB.

9.3. JocraTodHO HOKa3aThb, uTo ecax a,b, ¢, d € C — momapro pasamu-
HEIE YUCIA, TO CYIIECTBYET TaKoe APOOHO-IUHENHOE NpeoOpas3oBanue f, 9TO
f(a) =b, f(b) = a, f(c) =d, f(d) = c. IlepBrie Tpu PaBEHCTBA IO3BOJAIOT
OMHO3HAYHO onpeneauthb f. Ilpu 5ToM ApPOGHO-TUHEMHOE MpPeoOpa3OBaHUE
f o f mMeeT HENOABMKXHEIE TOYKU @, b U €Ille KAKYIO-TO HENOIBUKHYIO TOY-
Ky, (a UMEHHO, HEMOBUXHYIO TOYKY OTOOpaxkeHus f; OHA, BOOOIIE TOBOPA,
MOXKeT ObITb OECKOHEUHO yIATEHHON), KOTOPas He MOXKEeT COBIAJATh HU C @,
uu ¢ b. Takum o6pazomM, fo f — Tox gecTBeHHOE TPEOOPA3OBAHUE, 3 3HAUUT,

fd) =
Tlpusemem Taxxke Apyroe A0Ka3aTeabcTBO TOro, uro f(d) = ¢. Iycts
f(d) = z. Torga [a,b,c,d] = [b,a,d,z]. OqeBmano, 9TO 3HAYEHME T = C

yAOBIETBOPseT 3ToMy yciaoBumoo. C IPYroN CTOPOHBI, DTO YCJIOBUE SABIAETCA
JUHEVHBIM YPABHEHUEM OTHOCUTEIBHO &, TOITOMY OHO ONPEIEIsSeT T OTHO-
3HAYHO. JHAYUT, T = C.

9.4. a) B mogenu Ilyankape B BepXHEM HOLYIPOCTPAHCTBE MOXKHO CIU-
TATh, 9YTO PACCMATPUBAEMAs BEPIIVHA TETPADAPA HAXOTUTCA B OECKOHETHO
yAaJeHHON Toduke. Torga rpaHy TPEXTPAHHOI'O YIUIA NPU ITOU BepiuuHe Gy-
IYT PACTIOJIOXKEHE Ha, GOKOBBIX I'PAHAX €BKJINIOBOU TPEYTOJILHON MTPU3MEL C
ocHOBaHUEM Ha abcomoTe. CyMMa IBYTpaHHEIX YIUIOB MPU GOKOBHEIX TPAHAX
TPEYrOILHOU MIPU3MEL PABHA, 7.

6) O6osnauum paccmarpuBaeMuil Terpasap ABCD.

Ilepsoe pemenme. Coruacuo 3aaade 9.3 CylmeCTByeT IBUXKEHUE, epe-
BOAsmee nByrpaHuem yroa npu pebpe AC B gByrpamHbm yroa npu pedpe
BD.

Bropoe pemenne. O603HaYUM YePE3 U, BEIMUAHY IBYTPAHHOIO YIVIA IPU
pebpe r. 3 nyukra a) cregyer, 9TO

UABtUACTUAD = UcDTUCAtTUCB, UABTUBCTUBD = UcD+TUDATUDB-

CJa0XUB 5TH IBA PABEHCTBA U YHUYTOXKUB PABHBLIE WIEHHI B 00X YACTX,
IoJayvaeM UAB = UCD-

9.6. Bribepem B kadecTBe MOEIN IPOCTPAHCTBA JI0OAIEBCKOIO MOLEIH
HA [IBYIOJOCTHOM rumepboaouie, T. e. OygeM CIMTaTh, YTO TOYKHU 21, ...,
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Znp+42 JIeXaT B R"+1 " X KOOPpAWHATHI Y TOBJACTBOPAT COOTHOIIIEHUIO
2 2 2 _
i+t T, T =1,

npudeM Zpy1 > 0. IyceTs [u,v] = wivy + ... + UnpUp — Up41Uny1 — HOCEBIO-
ckaaapaoe npouseenerne B R, Torga ch(d;;) = [2i, 5]

Iycte S = (21,- . -, Zn+2) — MaTpuua pasmepom (n + 2) x (n + 2), o6pa-
30BAHHAA CTOAOIAMYA KOOPAUHAT TOYEK 21, . . ., 2nt2, K KOTOPLIM B KAIECTBE
IIepBOY KOOPAWHATEI JOOABICH HyJb; J — IUMArOHAILHAS MATPHUIA IOPALKA,
n + 2 ¢ gmaronansio (1,1,...,1,—1). Jlerko npoeeputs, ITO

A = ([21,2]) = STJS.

Ho y marpunsr S mepsas cTpoka HyJaesas, modromy det S = 0, a 3uauwmT,
det A = 0.

I1.4. MoxHo cunTaTh, 9T0 B Monemu Ilyankape B BepXHEU MTOJYILIOC-
xocTu ToYku A u B umeroT koopauHatH (£1,y) u (x2,y). Torga

(21 — m3)?

hd=1
chd + 2 ,

a qumHa | Iyru OpMIMKIA paBHA |T; — Z2|/y. Takum oGpasom,

2
chdzl-}-%, T.e. 1 =2sh(d/2).

I1.7. Oo6osmaunm paccmarpuBaembin kBaapar ABCD. Kowmmosuiusa
CUMMETPUU OTHOCUTEILHO NpAMEIX AB u BC MoXeT ObITh NpencTaBICHa,
KaK KOMIIO3UIWS CUMMETPUN OTHOCUTEIbHO npsaMuix BK u BD, rgpe K —
HEKOTOpas TOYKA, Jexarnas Ha abcomore Mmexay A u B. Anamorudno, Kom-
TO3UIUA CUMMETPUN OTHOCUTEAbHO npAMEX C'D u DA moxeT OBITH mpei-
CTABJEHA KAK KOMIIO3ULIWAA CAUMMETPUUA OTHOCUTEIHHO mpsambix DB u DL,
rage L — Touka, nexamas Ha abcomore mexay D u A. Tlosromy xommosn-
s CI/IMMeTpI/II‘/)I OTHOCUTEIBHO BCEX “IeTpreX CTOpOH KBa.I[paTa €CThb KOM-
TO3UIMA CUMMETPUN OTHOCUTEIBHO npambix BK u DL (Tak kak aBax bl
B3ATasA CUMMETPUA OTHOCUTEILHO BD — ToX 1ecTBeHHOE Ipeo6pa3oBaHue).
MMockonbky npsameie BK u DL pacxogamuecs, pacCMaTpuBaeMoe npeodpa-
30BaHUE IUnepOOInIecKoe.

3aMeTuM, 4TO NPUBEJIEHHOE PEIIEHNE OCTAETCsA B CWIE, €CJAU 3aMEHUTH
KBaPAT HA [MPOU3BOJIBHEIU Y€ THIPEXYOJIbHUK, BIUCAHHLIA B a0COMIOT.
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I9.4. MoxHO cumTaTb, 9T0 B MOgen [lyankape B BepxHEN MOJIyILIOC-
xoctu Touku A, B, C, D umernor xoopaunaru (0,a), (0,b), (k,vVb?> — k?),
(k,Va% —k?), rne a > b > 0. Torga

ool _ V@2 K+ (a— V& 1) a

, ch|AD| =1+ = ,
b2 — k2 4D 2ava? — k2 Vva?—k?
ch |BC| = b
V2 — k2
IToaTomy
1 1
sh|AD| = —— u sh|BC| =
ADI= = ™ hIBC

Ny

9I9.6. [TokaxeM CHadasIa BCIOMOIaTeIbHOE yTBEpK geHue. 1lycTs Touku
M u N nexar ma aysax OK u OL coorsercrBenno (K nu L — TOo4ukm Ha
a6comore). Torma ycaosume |OM| = |ON| paBHOCHIBHO TOMY, 9TO TOYKH
M u N paBuOyganesst ot npsavoun K L. D10 yTBEpK [eHUE JerKO CIeayeT u3
COOOPAXKEHNI CUMMETPUY, KOTOPEIE CTAHOBSITCA COBCEM HAIVIAAHEIME IIPU
paccmoTpennu Mogeau Kiaenna ¢ Toukon O B meHTpe.

TlepengeM Temepsb K PeNIEHMIO 3a4a49u. PaccMOTpuM mpsamyto [, mapai-
aenpHyIo Kak aydam AB u DC, tak u aydam AD u BC. Otaoxum Ha Tyde
AB rouky Cp Taxyiw, uro |BCy| = |BC| (Tak, 41006k TOUKa B nexana Mex-
oy A u Cy). U3 BcnmoMoraTenbHOro yreepxk aeaus ciaegyet, 4o Touku C u Cy
pPaBHOYAaMEHE OT IpAMOU [. AHasormydubiM 06pa3oM Ha ayde AD oTioxuM
Touky Cy4 Takyio, uto |[DCy| = |DC|. Touxu C u Cy Takxe OygyT paBHOYga-
JIEHEI OT IPsAMOU [. 3HAYUT, PABHOY JAJEHHBIMU OT npsaMou [ 6yayt Touku Ch

u Cy, mO3TOMy M3 TOrO XK€ BCIOMOI'ATEIbHOIO YTBEPXKAEHUS CAEAYET, ITO
|ACy| = |ACY4|. A a10 n o3Hauaer, uro |AB| + |BC| = |AD| + |DC|.
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